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Chapter 1

Introduction

1.1 Motivation

The Lattice Boltzmann Method (LBM) has evolved from the Lattice Gas Automata
model [1, 2]. The method is an attractive, mesoscopic approach for simulating numerous
problems, such as bubble dynamics, fluid flows in complex geometries, and reactive flows
with coupled transport phenomena [3, 4]. To correctly simulate these phenomena, the
equations must ensure reasonable interactions among fluid-fluid and fluid-solid phases, and
satisfy mass, momentum, and energy balances.

Arguably, the main feature of LBM is its straightforward computational
implementation, effortless description of interfacial systems, and feasible insertion of
capillary effects and other thermodynamic phenomena. For instance, while traditional
Computational Fluid Dynamics (CFD) methods (e.g., Volume of Fluid (VOF) and Arbitrary
Lagrangian-Eulerian (ALE)) are interface-tracking methods [5, 6, 7], the interface width and
location arise naturally in LBM from the density profile, without tracking or reconstruction
[8, 9, 10]. Even though, the no-slip boundary condition is still easily extended to complex
geometries [4, 11].

Hence, several LBM applications have been advancing in the industry [3, 12],
especially in chemical processes. The multiphase flow problems, commonly associated with
separation processes and operations in the oil industry, e.g., emulsions and enhanced oil
recovery (EOR), are engaging LBM applications [13, 14]. Most studies focus on analyzing
the dynamic behavior of the fluid and ensuring recovery of the conservation equations (i.e.,
mass, momentum, and energy). The availability of the Lattice Boltzmann (LB) multiphase

and multicomponent models turns the method suitable for simulating such types of flow.



The ubiquitous approach for multiphase and multicomponent modeling in LBM is the
pseudopotential method, a bottom-up model, initially proposed by Shan and Chen in 1993
[15], that mimics particle interactions and performs phase transitions. Besides being a
promising candidate for multiphase problems, LBM is also suitable for modeling porous
media flows [11, 16, 17]. One branch of study is the preferential flow, an elusive phenomenon
in porous media that impacts the oil industry, micro- and nanofluidic applications, and soil
sciences. Notably, LBM with the Pore-Scale approach deals with complex geometries [3],
accounts for mesoscopic properties that are hardly considered using macroscopic methods
[18], details velocity fields, and identifies preferred pathways. Since preferential flow has
several causes, it is hard to distinguish and evaluate the diverse contributions to the
phenomenon. However, a starting simplification assumes that geometrical features are its

primary cause, like in the Ju et al. model [19], a tortuosity-dependent resistance model.

1.2 Objectives

The primary objectives of this dissertation are to gain theoretical knowledge about
LBM and practical experience with its computational implementation for future applications
in multiphase flows in porous media. To achieve these objectives, this dissertation can be
divided into three independent parts: (i) the deduction of the transport equations, (ii) the
unified multiphase model proposal, and (iii) the LBM performance in porous media flow.

First, we deduce the transport equations in detail by employing the asymptotic
analysis in the Boltzmann equation. This derivation enhances our confidence in algebraic
manipulations for future LB deductions and provides a clear and didactic procedure to derive
the transport equations, which is an information gap in the literature.

In the second part, we investigate the pseudopotential model. Several multiphase
interaction models have been proposed in the literature, based on the same bottom-up
concept, to reduce intrinsic limitations of the original Shan-Chen model. However, these
interaction models are widespread in the literature under various names. Some of them are
commonly presented as unique formulations that seem to yield similar results. Here, we

propose a unified pseudopotential model, which recovers five previous multiphase models
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depending on a tuned parameter. Combining the interaction models in simpler mathematical
form makes later work more concise and quickly directs the reader to a unified parameter.
In the third part, parallel to developing the unified model for future multiphase
simulations, we also study a porous media flow problem. We perform non-Darcy flow
simulations with complex geometry to check the recovery of the Forchheimer equation and
the prediction of the preferred path according to the Ju et al. model.
We aim to investigate the pseudopotential model and test a simple implementation of
porous media independently. More specifically, in this dissertation, we intend to:
= clarify the theoretical details for the recovery of the continuity and the Navier-
Stokes equations from LBM,;
= investigate the correlation among different pseudopotential models;
= establish a proper region in the coexistence curve to tune the pseudopotential
parameter;
= compare the limitations (thermodynamic consistency, density ratio, spurious
velocity, and interface thickness) of the pseudopotential models and suggest an
alternative way to decrease them;
= carry out simulations in complex geometries;
= verify if LBM recovers the Forchheimer model for a porous media flow;
= explore Ju et al. resistance model to search for preferential paths.

1.3 Document structure

Initially, Chapter 2 addresses the main aspects of the LBM theory to understanding
the following sections, such as the general mathematical formalism, boundary conditions,
and forcing schemes. Then, in Chapter 3, we thoroughly prove that LBM recovers the
transport equations. Next, in Chapter 4, we implement two frequent benchmarks to
demonstrate the theory and validate our implementation. In Chapter 5, we develop and test
the unified model for multiphase interactions. Chapter 6 displays the results from a parallel
investigation in which we demonstrate the LBM applicability to porous media simulations
by performing a preferential flow study. Lastly, Chapter 7 concludes with a summary of the

central ideas presented in this dissertation.



Chapter 2

Theoretical background

In this chapter, we present an LBM overview. Interested readers, however, are referred to
Guo and Shu [20] and Kruger et al. [21] for additional theoretical details. We must clarify
here that throughout the text we use an arrow to indicate vectors (e.g., v) and bold notation
to indicate tensors (e.g., S), regardless of the tensor order. Throughout the chapter we will

also often use the Einstein summation convention (index notation).
2.1 Boltzmann Transport Equation

LBM uses the density distribution function f(X,V,t) to track the distribution of
particles in the system. This function describes the probability of finding a particle with
velocity v (associated with a momentum p) in a position X at time t. The total derivative of

f (X, V,t) in the physical space is [22]:

df  of dx, Of dv, Ofdt

_ of dt 21
dt _ ox, dt ' ov, dt T ocdt @1

Since v, = dx,/dt, dt/dt =1, and p, = M v,, where M is the mass experiencing

the momentum p, the right-hand side (RHS) of Equation (2.1) is rewritten as:

df df | Of Opadvy  Of
g_ h (2.2)
dt 0x, O0pg0dv, dt Ot

From the definition of p,, we know that dp/ dv, = M. Also, dv,,/dt = a , where

a. is the acceleration. Then,



df af aof of
2y L — 4+ L 2.3
i Vo ox. +Ma, pa + o (2.3)

Recalling that F, = M a,, where F is an external force,

dt ~ %0xg

df  of _ of of
+Faa—pa+a . (2.4)

Defining the collision operator as Q = df/dt and returning to the direct tensor

notation:
[V-V,+F-V, +8,]f GV, 0) = Q(f) , (2.5)

where, V,, Vp, and 0, are the short notations for d/dx,, d/dp, and d/dt. Equation (2.5) is
the Boltzmann Transport Equation (BTE), which governs the advection dynamics of the
density distribution function of particles in the presence of an external force (e.g., gravity)
[21]. The collision operator describes the complex dynamical interactions during particle
collisions. Later, Section 2.3 presents two relevant collision models in LBM.

Once f(%,V,t) is calculated, the macroscopic quantities can be obtained from

moments of the distribution in the velocity space:

b= j FEY, 07, (2.6)
ofl = j VFE,O)dv | @.7)
DE = % j G, 0d7 | (2.8)

where p, U, and E are respectively the macroscopic density, velocity, and total energy.



To assure the LBM can reproduce correctly the transport phenomena, one is interested
in recovering the hydrodynamic equations of the continuum theory, such as the continuity

equation,

d,p+ V-pi=0, (2.9)

which expresses the mass conservation in the conservative form [23, 24], and the motion

equation,

dpi=—V-puil—Vp—V-S+F,, (2.10)

which guarantees the momentum conservation in the Eulerian specification [23, 24]. In

Equation (2.10), p is the pressure, S is the deviatoric stress tensor and ﬁb is a body force (e.g.,
gravity or electric forces) per unit of volume.

The Chapman-Enskog expansion is a typical methodology to recover these equations
[25, 26, 27]. It is a perturbation expansion of f(X,V, t) around its equilibrium value 9. The
small parameter used in this asymptotic analysis is related to the Knudsen number, which is
a ratio between the molecular mean free path and a characteristic length of the flow. The
reader can find the foundation of the perturbation expansion in Appendix A, and the
Chapman-Enskog analysis is detailed Chapter 3, where LBM recovers both Equations (2.9)
and (2.10). Appendix B details the moments required for such derivations, like the moments
in Equations (2.6) to (2.8).

2.2 Lattice Boltzmann Method

The solution of the BTE is cumbersome since it is a non-linear partial
integrodifferential equation [28]. The computational time could be affected depending on the
numerical treatment. For instance, f(X,V,t) depends on five (in a bidimensional domain:

Xa Xgs Vo Vg, @Nd t) or seven physical continuous variables (in a three-dimensional domain:



Xar Xgs Xy» Vo Vg, Vy, @nd t). One can simplify the continuous dependence by performing the
discretization of the space and velocity. As a result, the LBM emerges as a numerical method
to solve the BTE, in which space, time, and velocity (¢;) are now discretized. The outcome
is a discrete distribution function f; = f;(X, ¢;, t), where X, ¢;, and t are given in lattice units
rather than physical units.

The fully discrete form of BTE is the Lattice Boltzmann Equation (LBE),

fi&+¢6t,t + 6t) — f;(Xt) = [Qi(fy) + Fi]ét, (2.11)

which is applied to each direction i in the lattice node.

Depending on the extent of physical consistency and time-cost one may provide for
the simulations, different lattice arrangements arise. They are often gathered in the DdQq
model, in which d is the dimension (e.g., d = 2 for a bidimensional domain) and q is the
number of discrete velocities [29]. D1Q3, D2Q7, D2Q9, D2Q25, D3Q19, and D3Q27 models
are some examples. The most common model for bidimensional domains is the D2Q9,
displayed in Figure 1.

—

é

Figure 1: Lattice structure of D2Q9 model. The lattice nodes (circles) are numbered from zero to eight, which
identifies each direction, i.e., i = 0,1, ..., 8.

é@

In the equilibrium, the distribution function is generally expressed by a Maxwell-

Boltzmann distribution function, which, after discretization, is given by:



¢ .Ul (G.ueD?  (Ue9)?

c2 2ck 2cz |’

AR D =wp |1+ (2.12)

where u®? is the equilibrium velocity, c; is the speed of sound and w; are the weights. In the
absence of external forces, the equilibrium velocity is the same as the real fluid velocity, i.e.,
u®d(x) = u(x). On the other hand, Section 2.5 reveals how to calculate u®? when
considering external force. Also, Appendix B demonstrates the mandatory isotropy
conditions, independent of the orthogonal transformations, to ensure that the transport
equations are recovered and to calculate the weights for each different lattice model [20, 30].
For instance, the D2Q9 model fixes the speed of sound as ¢, = (6x/8t)//3 and sets the

weights and discrete velocities as:

w; = 1/9 . i=1,234 , (2.13)
s, 1=56,7,8

llwy) (e} -
= (0.0 )DL G)

The LBM encloses two main steps: the collision and the streaming. In the collision

(2.14)

step, the collision model is inserted (Section 2.3) in the LBE and further calculate the post-

collision distribution function fposti(i t) for all fluid nodes of the lattice:

fposti(i t) = fl(z t) + [-Ql(fl) + Fi]6t . (2.15)

The effects of the particle collisions propagate through the lattice. Hence, in the
streaming step, the distribution functions f;(X + ¢;6t,t + 6t) are calculated after the
collisions, i.e., the post-collision distribution function of the resting node propagates to each

neighboring node, as given by:



fi&+¢6t,t + 6t) = fposti(i, t) .

(2.16)

Exemplifying the streaming step using the D2Q9 model and 6t = 1 for a resting node

centered at (x,, y,), as in the case of Figure 2, Equation (2.16) is rewritten nine times:

fo(x0, Yo, t + 6t) = fposto(xO»yO; t)
fi(xo, y0,t + 6t) = fpostl(xo —1,0,t)
f2(xX0, ¥0, t + 6t) = fpostz(xOJyO -1,0)

)

f7(x0, Yo, t + 6t) = fpost7(x0 + 1Ly, +1,0)

fe(x0, Yo, t + 6t) = fposts(xo - 1Ly, +1,t)

K ?fpost‘; ﬁ)sh

fpostg
vf6 af2 of s

Y, 8 &
T O—V f43- == 0 ans 7, <—O
f post; o 1 e, 1 f posts

*f+ ;f4 “fs

%osts ngStz %;ste

Figure 2: lllustration of the streaming process for D2Q9 model. The circles are the fluid nodes. The solid arrows
(—) are the distribution functions known in the current step (t) after the collisions, and the dashed arrows (- -)
are the unknown distribution functions in the next step (t + &t). Hence, the unknown distribution function in

direction i at the resting node is f;(t + &t) = fposti(t).

(2.17)
(2.18)

(2.19)

(2.20)

(2.21)

After the streaming, the macroscopic density and velocity are obtained similarly to

Equations (2.6) and (2.7),



p= Zfi , (2.22)

I | N
ux) = ;Zj fix )¢ . (2.23)

2.3 Collision models

The collision operator is a double integral in the velocity space [28]. Since its solution
is not a simple task, collision models have been conceived through some simplifications [20],
as the Bhatnagar-Gross-Krook (BGK) (Section 2.3.1) and the improved Multiple-Relaxation-
Time (MRT) models (Section 2.3.2). Indeed, other robust collision schemes, such as the
Cascaded [31, 32, 33], the Karlin-Bosch-Chikatamarala [34], and the entropic [35, 36]
methods achieve stable and accurate results and reduce the Galilean invariance [3].
Regardless of the model chosen, the collision operator must conserve mass, momentum, and

energy [28], which are mathematically expressed as,

] Qf)dv=0, (2.24)
j vQ()dv =0, (2.25)
f [V2Q(F)dv = 0 . (2.26)

Additionally, the collision model must be consistent with the Boltzmann H -Theorem,

which declares that a quantity 7, defined as,
H = j finfdv , (2.27)
always decreases until it reaches the equilibrium (f = f¢9) [37].
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2.3.1 Bhatnagar-Gross-Krook model

The BGK model, proposed by Bhatnagar et al. in 1954 [38], presumes that the

collision operator varies linearly with f;,

1
0 (f) = —;(fi -7, (2.28)

where the relaxation time t specifies how fast the system converges to equilibrium. Since
BGK includes only one parameter (7), the model is often named Single-Relaxation-Time
(SRT).

Considering de BGK model, the LBE reads:

iR+t t+6t) — i) = —%[fi(i, t) — 1% t)]6t + Fiét . (2.29)

Because of this simplicity, BGK is broadly used in LBM literature; however, it yields
a few artificial anomalies, such as viscosity-dependent results (e.g., Poiseuille flow,
permeability, and wall location) [39]. This dependence arises because, as Chapter 3
demonstrates through the Chapman-Enskog expansion, the relaxation time is a connection
between the mesoscopic approach and the continuum theory through its relation with the
shear viscosity u of the fluid:

ot
u = pc? (T — ?> : (2.30)

Regarding Equation (2.30), one must set T > §t/2 to avoid unphysical shear
viscosities (u < 0) and instabilities. In fact, the BGK provides limited stable simulations. For
instance, the model requires many lattice nodes to reproduce stable turbulent problems,
increasing computational time. Similarly, the modeling of viscous fluids demands higher z,

raising the simulation fluid velocity and causing inaccuracy [3]. Other collision operators,
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such as the MRT model presented in Section 2.3.2, are usually considered to attain more

accurate and stable simulations.

2.3.2 Multiple-Relaxation-Time model

The BGK model establishes that all f; relax together with the same 7 in the collision
step of the population space. The MRT model proposed by d’Humiéres in 1992 [40] employs
a set of different parameters instead to relax the moments m; individually in the moment
space.

The mapping of f; from the population space to the moment space is conducted

through a linear transformation as follows:

m; = Z M;jifi (2.31)

méd = Z My fo0 (2.32)
i

where mjeq is the equilibrium moment, and M;; (or M) is the transformation matrix given by:

1 1 1 1 11 1 1 1
4 -1 -1 -1 -1 2 2 2 2
4 -2 -2 -2 21 1 1 1
o 1 0 -1 01 -1 -1 1
M=o -2 0 2 01 -1 -1 1 (2.33)
o 0o 1 0 -11 1 -1 -1
o 0 -2 0 21 1 -1 -1
0 1 -1 1 -10 0 0 0
o 0 0o 0 01 -1 1 -1

The collisions are then executed in the moment space with the calculated moments,

Mpost ; = M — Aji(my —mi)st (2.34)
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where m,, . is the moment after the collision, A;; (or A) is the diagonal relaxation matrix,
j

_ 11 -1 -1 -1 _-1_-1_-1 -1
A =diag(tyt w2t ot b bbb ) (2.35)

and 7, and 7; are the relaxation times for the conserved moments (i.e., density and
momentum), 7, and z, are free parameters adjusted to keep the method stable, 7. is related

to the dilatational viscosity (or bulk viscosity) k and t,, is related to the shear viscosity u,

ot\ u

Kk = pc? (re — 7) -3 (2.36)
ot

p=pc(t,-5) . (237)

After the collision step, the moments are mapped back to the population space

through:
fposti = Z Mi;lmpost]- , (2.38)
J

where Ml-;l (or M~1) is the inverse of M, as displayed in Equation (2.39).

The matrices can be calculated either from Hermite (the moments are Hermite
polynomials) or from Gram-Schmidt (orthogonal-based method) approaches [21]. Since the
latter is predominant in LBM literature, Equations (2.33), (2.35), and (2.39) present the
matrices from the Gram-Schmidt approach, which are adopted in this work. Accordingly, the
insertion of the MRT model in the LBE originates Equation (2.40), which recovers Equation
(2.29). This is possible because A = t=I and M~1M = I, where I is the identity matrix,
which is unable to modify the equations. Hence, the only difference between the BGK and
MRT models is the collision step. The additional parameters in the moment space result in

more accurate and stable simulations with the MRT model [3, 21].
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9 18 36 6 12 & 12 2
11 1 1 1 1 1 1
9 18 36 6 12 6 12 2
11 1 1 1 1 1 1
9 18 36 6 12 6 12 2
1 1 1 1 1 1 1 1
9 18 36 6 12 6 12 2]
fiG+86t,t+60) — fiXt) = -MAM[f,R t) — £°IX t)]|6t + (2.40)

+F;5t .

2.4 Boundary conditions

Two different approaches to model boundary conditions can be distinguished: the
link-wise and the wet-node. In the latter, the lattice nodes constitute the computational
boundary on their own, as shown in Figure 3. In the former, the computational boundary is
located on the lattice links, i.e., the boundary lies between the fluid and solid nodes [21].

The link-wise approach is more attractive because it simultaneously yields high
stability, exact mass conservation, and simplicity. Therefore, the link-wise description was
chosen to model the boundary conditions in the simulations of this work. Consequently, this
section only presents boundary conditions related to the link-wise, i.e., the bounce-back

scheme and the periodic condition.
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Figure 3: Difference between link-wise and wet-node approaches. The solid and fluid nodes are, respectively,
the black and white nodes. The solid line (—) and the dashed line (—-) are the computational boundary in the
wet-node and link-wise approaches, respectively.

2.4.1 Bounce-back scheme

The bounce-back scheme is a systematic method employed to model solid boundaries
in the link-wise approach. It brings the outstanding no-slip boundary condition to the
mesoscopic procedure, establishing that the fluid velocity near the wall is the same as the
wall velocity. Within this method, when a group of particles hits the boundary in a direction
i with a known f;, it will be reflected in the opposite direction 1 but with the same value of f;,

as illustrated in Figure 4.

f7.~

o c'> “ o
Figure 4: Example of the bounce-back scheme for D2Q9 model. The solid and fluid nodes are, respectively, the
black and white nodes. The dashed line (—-) is the computational boundary in the link-wise approach. The solid

and dashed arrows are, respectively, the known distribution functions in the step t and the unkown distritution
functions in the step t + ét.

The bounce-back scheme can be performed in two ways, using (i) the fullway bounce-
back scheme [41], in which the population travels entirely from the fluid to the solid nodes,
i.e., the known f; (X, t) are stored in the solid nodes in step t + &t and collect the values from

them in step t + 26t; or (i) the halfway bounce-back scheme [42], which the population
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travels only the half distance between the fluid and solid nodes, i.e., the values of f;(%, t) are
directly used to calculate f;(X,t + &8t), without storing them in the solid nodes. Therefore,
when applying the fullway bounce-back scheme, the lattice demands more nodes (solid
nodes), and there is a 28t time delay to the information get back to the original fluid node.

For Figure 4, the halfway bounce-back scheme is mathematically implemented as:

f4(2 t+ 6t) = f2 (5(: t) ’ (241)
fr&t+6t) = fs(X ) , (2.42)
f8(§' t+ 51:) = f6(§' t) 4 (243)

where f,, fs, and f are the known distribution functions from the streaming in the step t,
and f,, f,, and fg are the distribution functions that must be calculated in step t + 6t.
The halfway bounce-back scheme for moving walls can be extended as,
- . GW

ixt+6t) = fi(Xt) — 2w;py lc—z , (2.44)

N

where p,, and U,, are, respectively, the density and the macroscopic velocity of the wall. A

usual simplification is to define p,, as the fluid density near the wall, i.e., p,, = p(X, t).

For stationary walls (u,, = 6), the last term in Equation (2.44) vanishes and the

standard halfway bounce-back scheme is recovered:
fikt+6t) = fiXt) . (2.45)

In this way, the bounce-back scheme ensures there is no mass flux either through
resting or moving solid walls. A complication that may arise is the modeling of boundary
conditions in concave corners, where it is impossible to determine two (f; and fg) of the nine
density distribution functions at the corner node [30], i.e., the red node in Figure 5. The reason
is that the values of f, and f3 cannot be obtained from the streaming step, since the neighbors

where they must originate are solid nodes.
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Figure 5: Bounce-back scheme in concave corners for D2Q9 model. The solid, fluid and corner nodes are,
respectively, the black, white, and red nodes. The solid arrows (—) are the distribution functions known from
streaming (f,, f3, fa, and f7) or calculated from the bounce-back scheme (f;, f2, and f5). The dashed arrows (-
—) are the unknown distribution functions.

Ignoring this situation can lead to unstable simulations. Hence, a typical solution is
to set the central corner node density as the average density of the system. This adjustment
reduces the degrees of freedom, making it possible to calculate f; and fg. From Equation
(2.22) [43],

p:f6+f8+2fi' (246)

i#6
i#8
Note that f; and fg are enclosed in the corner node, which means that their

information does not stream over the lattice. Then, imposing f, = f5 in Equation (2.46), the

remainder f; is calculated through:

1
fe=Tfs =5 p—;fi : (2.47)
i#8
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2.4.2 Periodic condition

A periodic condition in open boundaries (Figure 6) is introduced when one intends to
make the outflow enter the opposite side. This condition implies that the zeroth and first order

moments at the outlet (x = L) are equal to those at the inlet (x = 0),

p(x=0,y,t) =px=1Ly,t), (2.48)
p(x=0,y,t)i(x =0,y,t) = p(x =Ly, )u(x = L,y,t) . (2.49)
. F
yl. [ ] ® o o #® o
f¢O0fsO O O O OfsOfs
Inlet . Ny s 6 o o oC?-'----ji r, Outlet
frofso o o o ofr0o fs

L

Figure 6: An example of a D2Q9 domain with open boundaries where the periodic conditions can be applied.
The solid and fluid nodes are, respectively, the black and white nodes. The solid arrows (—) are the distribution
functions known from streaming, and the dashed arrows (— -) are the distribution functions calculated
implementing periodic conditions.

In other words, the known density distribution functions leaving the domain, both at

the inlet and outlet, stream to the opposite side. Exemplifying for D2Q9 model,

filx=0,y,t + 6t) = fposti(x =L,y;,t),fori=1,5and8, (2.50)

filx =L,y t+8t) = fposti(x =0,y;,t),fori=3,6and 7, (2.51)

where y; = y + ¢l 6t, and |G, is the magnitude of ¢; in the y direction.

In this way, the periodic condition in Figure 6 is written as:
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filx =0,y,t +6t) = fpostl(x =Lyt) , (2.52)

fs(x =0,y,t +6t) = frose (x =Ly + 1) , (2.53)
fo(x = 0,y,t +6t) = fpose,(x = Ly —=1,8) , (2.54)
fs(x =Ly, t+6t) = frose,(x = 0,,1) , (2.55)
fo(x = Ly, t +6t) = fpoee (x =0,y +1,8) , (2.56)
fr(x =Ly, t +6t) = fpose,(x =0,y = 1,) . (2.57)

There exist some cases, however, that one must simulate a pressure flow. Since the
inlet pressure is higher than the outlet pressure, a generalized periodic condition must regard
the pressure drop. To do so, one starts first with the ideal equation of state (EOS) that emerges
from the LBM:

p(X) = p(X)ci . (2.58)

The periodic condition with pressure variation [44] can be applied in these

circumstances. From Equation (2.58), the pressure drop in Figure 6 reads:

6p = [p(x = 0) — p(x = L)]cZ = cép. (2.59)

Once dp is available, §p is calculated. Hence, if an average density p is set inside the

domain, the macroscopic densities would be specified in the open boundaries,

p(x =0)=p+0.50p, (2.60)

p(x=L)=p—0.56p. (2.61)
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Implementing £,/ (x = 0,y,t) = f"*/(x = L, y,t) in the open boundaries, where
9 = f; — £ is the non-equilibrium distribution function, the periodic condition with

l

pressure variation for a compressible flow is:

filx =0,y,t4+60) = £ (p(x = 0,y,£),U(x = L,y,t)) +

eq (2.62)
+prSti(x:Lly’t)_f;: (x:Llylt)l

filx =Ly t+6t) = £ (p(x =Ly, t),d(x =0,y,t)) +
+fpost,(x = 0,y,6) = £ (x = 0,3,0). (289
The periodic condition works as a momentum source when the pressure variation is
considered. Still, when only the periodic condition is implemented without pressure
variation, one must insert a momentum source, e.g., a moving wall or an external force;
otherwise, the simulation will fade in time. Section 2.5 presents how to insert external forces
in LBM.

2.5 Forcing schemes

Gravitational and electromagnetic forces are present in a great variety of engineering
problems. Thus, one is frequently interested in inserting an external force into the LBM
procedure, which can be carried out through the forcing term F; in the LBE. In 2012, Li et

al. [45] grouped notable forcing schemes as follows:

B.(F-¢&) C. (WLiF + Fuy) : (&¢ — 2
i = w; + :
c? 2ck

(2.64)

where the modified velocity uy; is:
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Fot

I N
W) =) fl+ At (265)
i

and the parameters A", B, and C, depend on the forcing scheme selected (see Table 1).

Table 1. Specifications of different forcing schemes.

Forcing schemes B, and C, Al Aed
T T
Shan-Chen [15] 1 5 5
EDM (Exact Difference Method) [46] 1 1 0
1 1
Guo et al. [47] 1-— > 1 >
Luo et al. [48] 1 0 0
Ladd and Verberg [49] 1 0 0

To ensure second-order space-time accuracy, the real fluid velocity u is calculated

through:

i®) 12 fie AL (2.66)

u(x) =— G +— . .
pLeatt o 2p

Luo et al. scheme is the only one which U is still given by Equation (2.23), inducing
some additional relevant errors. Another famous method is the He et al. forcing scheme [50],
but it is essentially the same as the Ladd and Verberg forcing scheme [51].

To calculate £,°? in Equation (2.12), the general equilibrium velocity must be written

as.
eq = lz fi; + A% ot (2.67)
p - L*1 p ) .

where A¢? is a parameter that depends on the forcing scheme (see Table 1).
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Li et al. [45] have found evidence that the stability and accuracy of LB simulations
are strongly connected to the forcing scheme adopted. The Shan-Chen and EDM schemes,
for instance, recover the motion equation with additional z-dependent terms. As a
consequence, their results (spurious velocities, densities, and surface tensions) are dependent
on 7. On the other hand, Ladd and Verberg scheme is independent on t, but it achieves weak
stability. Among the models in Table 1, the Luo et al. scheme attains the worse stability since
it causes negative surface tensions in multiphase problems [51].

Although the EDM forcing scheme, directly derived from the BTE [9, 46], is t-
dependent, it is a straightforward method to introduce the force. Notice that one handles the
forcing schemes displayed in Table 1 only with the BGK model. For MRT, instead, other
forcing schemes must be considered [52, 53]. The most common approach for the MRT
model [54, 55] is:

0
6(uxFx + uyFy)
—6(ucFy + uyFy)
Fx
F, = —Fx ) (2.68)
Fy
_Fy
2(uxFy — uyFy)
uyFy + uyFy

where x and y represent the horizontal and vertical components of F and @. The equilibrium
and real macroscopic velocities are still calculated through Equations (2.67) and (2.66) with
A1 =1/2.
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Chapter 3

Recovery of transport equations

Various methodologies, such as Finite Volume and Finite Element Methods, can be used
numerically to solve the transport equations. In Chapter 2, however, we presented the LBM
procedure, centered in the LBE, to model the fluid flow. Chapter 3 mathematically
demonstrates, through asymptotic analysis of the BGK-LBE without external force, that the
much simpler LBE recovers both the continuity and the Navier-Stokes equations. Although
the literature already recognizes it for low Mach number (Ma = [u]/c,), the algebraic
manipulations are hardly exposed. Looking for providing a clear and didactic way to derive
the transport equations, here, instead, based on the thesis of Viggen [30], we exhaustively
detail the intermediate mathematical steps. Furthermore, this deduction also contributes to
gaining the mathematical tools for performing this type of analysis whenever new LB models
are proposed, allowing us to test them for consistency and physical meaning. At the end of
this chapter, the connection between the mesoscale modeling and the macroscopic properties
will be clear. Understanding it makes us more conscious and critical in discerning
assumptions and approximations for a given physical problem. Throughout the chapter, we

will often use the Einstein summation convention (index notation).
3.1 Chapman-Enskog expansion

In this section, we carry out the Chapman-Enskog expansion. It is essentially a
perturbation expansion (see Appendix A) of the LBM variables around their equilibrium
values (e.g., fieq) that makes the discretization disappear to check for the method consistency.

Initially, we recall the LBE in the absence of an external force:
Q& t) = fR+E6t,t+6t) — fi(Xt) (3.1)
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With the usual simplification that 6t = 1,

Q&) =fiE+¢,t+1) - fiXt) (3.2)

Taylor’s series for functions of two variables s and q is:

df (so,q0) Ss + 9f (so,q0)

ds dq oq +

f(so +68s,q0 +68q) = f(s0,90) +

0%f(s0,90) 2 20°f (50, q0) \
+l 352 s + 35 0q 6séq + .
2! 02f(s0,q0) .
—_— 3.3
k + e 5q 3.3)
1wz 0%f(s0,q0)
0,40 - i
T 0(1') sz Taq 05 04" * Reua(8s,69)
]:
where,
1 0%t £ (s0+65,q9+6q) i ;
Rz+1(85,8q) = (z+1)! o (2;1) 0521-;;;] = 85771 8¢/ (3.4)

Then, the second-order Taylor expansion on the RHS of LBE, i.e., Equation (3.2), is:

GG = &)+ (VAED) &+ 0G0+ [V (VA& D): && +

(3.5)
+0. (VAE D) & +202,E D) - & D)

After the organization and simplification of terms and the omission of the explicit

spatial and time dependence of f;(X, t), we find:
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= =1 - 1 = (o > > = - 1
& &0 =0 fi+ (Vi) &+ 5[V & &l +0.(Vr) & + 502, (36)
Through the Einstein summation convention, we can demonstrate that:

fi & = 0afiCia = 0qCinfi =V - &if; (3.7)

Vfl . Ei Ei = 60( anl CiBCiot = aaasCiBCiafi = VV : EIEIfl (38)

<

<

Note that i is not an index term of Einstein convention. Instead, here, the index terms
are greek letters (i.e., o, 3,v,6,€). Using Equations (3.7) and (3.8), and factoring out the

common factor f; in Equation (3.6),
. - 1, . . |
QED) =00, +V-&)f;i + [E(vv: Cici)+6tV-ci+§6t2]fi (3.9)

From the perturbation theory (see Appendix A), we can expand at,V, Q; and f;. The

equilibrium distribution function (fie") that emerges in the asymptotic expansion of f; is also
identified as fi(o). Equations (3.10) to (3.13) are the Chapman-Enskog expansions, where €

is a small parameter proportional to the Knudsen number. Equation (3.14) arises from the
rearrangement of Equation (3.13).

0; = €0, + €20, +0(€%) (3.10)
V = eV, +0(ed) (3.11)
Q = Qi(o) + eQi(l) + ezﬂi(z) + 0(€3) (3.12)
fi= 9+ efP + 0(e?) (3.13)
fi— £ = ef® + 0(e?) (3.14)

In Equation (3.10), t; and t, have physical meanings: t; is the time related to the fast

phenomena (e.g., advection), and t, is related to the slow phenomena (e.g., diffusion).
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Substituting the asymptotic expansions of d, and v, ie, Equations (3.10) and (3.11), into
Equation (3.9),

O &)= (edy, + €20, +eV,-& )fi + E (2V,V,: 8, &) + (e, +
(3.15)
= > 1
+€20,,) €V, - & +5 (€0, + €20y, ) (€D, + €20y, | f;

Neglecting terms with order greater than 0 (€?) and factoring out the common factor

fir

— 2 — — —
Qi(i, t) = [E atl + 62 atz + €V1 ) Ei + % (V1V1: Ei El) + 62 atlvl '
2 (3.16)
- €
&+ +S 02| fi+ 0

Now substituting the asymptotic expansion of f;, i.e., Equation (3.13), into Equation
(3.16),

— 2 5 —
Qi(i, t) = [E atl + Ez atz + €V1 ' Ei + %(Vlvl: Ei El) + 62 atlvl ) Ei +
) (3.17)
€
+ ;azl] (fi(o) + efi(l)) + 0(€?)

Factoring out the common factor e and neglecting the terms with order greater than
0(e?),

— - - 1 = = - o - -
QX t) = [e(atl +Vy-6) + €20, + > (V1V1: Ci ci) + 0.,V G+
(3.18)
1
20| (F9 +e£P) +0(e®)

LG 1) = €@, + V1 &) O+ € (0, +35 (VaVar & &) + 40,V
3.19
3 laz (0) 0 v L2 () 0(e3 ( )
G+ 08 )f (0, +VL-G)f |+ 0D
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From a comparison between Equations (3.12) and (3.19), we achieve that:

0® =0 (3.20)
o™ = @, +V, - &) (3.21)

0 = (0, + 2(ViVir &G &) + 0, Vo G+ 5 02) 7+ (0, +

These equations are the main results of the Chapman-Enskog expansion. They will
be further used in Section 3.2 when evaluating the zeroth and first moments. But before
changing the sections, we have to prove two other equations. Hence, substituting Equation
(3.14) into the BGK model,

S|

Q= - (e £ +0() (3.23)

Recalling that the collision operator must conserve mass and momentum, i.e., >; Q; =

0 and Zi Ei'Qi = 6,

1
Q.00 =—2eQ sV - ) 0 =0 (3.24)
1 1 1
, 1 <. , ,
Qa0 = —ze Qs ) an? =0 (3:25)

and generalizing,



3.2 Moment evaluation

In this section, we use the equations deduced in Section 3.1 to evaluate the zeroth and
first-order moments. Just after this assessment, we will be accomplished to recover the

transport equations. Initially, we evaluate the zeroth moments, i.e., }}; f; or X; ;. Hence,

imposing the mass conservation Ziﬂi(") = 0 in Equation (3.21), i.e., for k = 1,

D00 = (0, +9- &)Y =0, ) £O+T ) @i P =0 (3.28)
: i

i i

Since Zifi(o) = pand); Eifi(o) = pu, We attain the continuity equation for the time

..............................................................................................................................

Again, imposing the mass conservation ) ; Qi(k) = 0 in Equation (3.22), i.e., fork =2,

1= = > > =4 -
Ziﬂi(z) = 04, Zifi(O) + 5(V1V1! %iGi Cifi(O)) + 0, Vy - Zicifi(O) +

. o o (3.30)
1 =1 - 1
+ Eatzl xi fi(o) +0¢, 2 f; 0+ Vi XiGif;

since ¥ £, = p and ;&£ = p, and also recalling Equations (3.26) and (3.27),

Equation (3.30) is rewritten as:
at2p+ E (Vlvl:Z.Ci le; )+at1V1'pu+Eat1p :O (331)
1

As defined in Appendix B, ¥;¢ & £ = n® +c213; %, Rewriting, then,
Equation (3.31),

28



1 - 1
atzp + E [Vlvl: (1.[(0) + C_g IZ f;(O)):l + atlvl ) pﬁ) + Eatzlp = 0 (332)
i

Again, 3; £, = p,

cip
2

1 — — - — — 1
atzp + E (Vlvl:“(o)) + (Vlvlpl) + atlvl ) pﬁ) + Eaglp =0 (333)

Through the Einstein summation convention, we prove that:
ViVii 1= 0,085, = 000 = Vy - V4 (3.34)

Hence, substituting Equation (3.34) into Equation (3.33),

0P+ 5 (V,V;: @) + %vl Vip+ 8,V pu+ 55?1/0 =0 (3.35) |

..............................................................................................................................

Equations (3.29) and (3.35) arise from the zeroth-order moment evaluation. Now, we
have to evaluate the first-order moments, i.e., Y; ¢;f; or X; ¢;Q;. Multiplying Equation (3.21)

by ¢; and employing the summation,
Z.Eiﬂim = Z(% +V, ) & (3.36)
1 "

Establishing the momentum conservation Ziéiﬂi(l) =0 and breaking the RHS

summation,
Z_ 0., & + 2 Vi gef9 =0 (3.37)
1 >
1
Rearranging the terms,
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O, E _Eifi(O) +V, - E Gef¥ =0 (3.38)
1 n
1

Appendix B shows that Zi Elﬁ(o) = pﬁ, Zlﬁ(o) =p and Zi Ei 81]‘;(0) = T[(O) +

c?1 Zifi(o). Substituting these conditions into Equation (3.38),
Or,pU+ Vy - (M@ +c2lp) = 0 (3.39)
and breaking the second term into two components,
¢, pu + vV, n® 42V, - Ip)=0 (3.40)
Through Einstein summation convention,
Vit (Ip) = 0uBagp = 9gp = Vap, (3.41)

we can rewrite Vl - (Ip) in Equation (3.40),

We must check the same first-order moment analysis for Qi(z). Similarly, as we have
®

done for Q;~, multiplying Equation (3.22) by ¢; and employing the summation,

- - 1/ 2 > > > - - >
i CiQi(Z) = 0¢, X Cifi(O) + ;(V1V15 i CiCiCifi(O)) + 0., Vi X CiCifi(O) +
(3.43)
1 - 0 - - > o
+55§1 2iGi fi( R 0¢, 2i G fi(l) + V-2 Cicifi(l)
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Including the momentum conservation Eiﬂi(z) =0 and regarding that, from
Appendix B, Ti&f” = pu, Ligeif” = n@ + 215, nigge " =R, and

i £, = p, Equation (3.43) is simplified to:

0, pii + > (ViV:R®) +8, ¥, - (@ + 2 1p) + > 0F pu +

- 1 =1 > > 1 =
+0tlzc1fi()+V1-ZCiC1fi()=0
i

1

(3.44)

since 3¢ =@ + 213 £ (see Appendix B) and 3¢/ =0 (see
Equation (3.27)),

1 —_— —> — 1 — —
0, U +5 (ViV1:RO) + 0., V, - (0@ + ¢l 1p) + 2 0F pti+V, - e =0 (345)
Breaking the third term into two components,

0, pU + 5 (ViV1:R®) + 00, Vy - @ + 20, (V- Ip) + 507 pli +

(3.46)
+v)1 - T[(l) = (_)) y
and as we have already demonstrated that:
61 . ]p = v)lp , (347)
we can write:
9 g4 LFTRO) 40, T @ 4T, w1 20, Fop b i pie
tzpu+§(1 1 )+ 6 V1 T+ VT + €50, 1P+§ t, PU = (3.48)

...............................................................................................................................
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Finally, we gained four main equations by evaluating the moments: Equations (3.29)
and (3.35) arose from the zeroth-order moment evaluation, and Equations (3.42) and (3.48)
from the first-order moment evaluation. They will be further combined and used in Sections

3.3 and 3.4 to recover the continuity and Navier-Stokes equations.

3.3 Continuity equation

In this section, we deduce the continuity equation by combining Equations (3.29),
(3.35), and (3.42) from Section 3.2. Initially, we can write Equation (3.29) as:

0r,p = —V, - pu (3.49)

Substituting Equation (3.49) into Equation (3.35),

at2p+§(V1V1ﬂ(0))+?SV1V1p+0t1V1pﬁ—§at1(V1pﬁ) = O ) (350)
and simplifying,
; 6t2p+§(V1V1:1t )+?V1-V1p+§6tlvl-pu=0 (3.51) ;

...............................................................................................................................

Equation (3.51) is the first outcome obtained by manipulating two main equations of
Section 3.2, i.e., Equations (3.29) and (3.35). Now, we quickly investigate Equation (3.42).
Employing the divergence operator in Equation (3.42) and multiplying it by %2,

1 — N 1 — — C2—> —>
E atlvl " pu + E Vl " (Vl " T[(O)) + ?Svl " (le) == 0 (352)

Through Einstein summation convention, we note that:
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v)1 ' (V1 'TI(O)) = aa(aanas) = 04 0qTep = Vlvl:n(o) (3.53)
Then, Equation (3.52) becomes:

> (V V@) + %vl Vip +50,,V1 0 pi =0 (3.54)

Substituting Equation (3.54) into Equation (3.51),

...............................................................................................................................

As we have disclosed, t, is the time related to slow phenomena, e.g., diffusion.
Equation (3.55) specifies there is mass conservation for this kind of phenomenon. But what
about advection phenomena? We must inspect the complete continuity equation, i.e., when
we consider the time t, instead of only t; or t,.

Employing the time derivative of the density p and recalling the asymptotic expansion

of d, from Equation (3.10),

0;p = €0, p + €*0¢,p (3.56)
Substituting Equation (3.55) into Equation (3.56),

0¢p = €0, p (3.57)
Substituting Equations (3.57) and (3.11) into Equation (3.29),

%atp+%vpﬁ=o, (3.58)

and multiplying by €, we finally recover the continuity equation,
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d,p+ Ve pi=0 (3.59)

Hence, we recovered the continuity equation, which expresses the mass conservation,
combining three of the four main equations deduced in Section 3.2, i.e., Equations (3.29),
(3.35), and (3.42).

3.4 Navier-Stokes equation

Similar to what we have performed in Section 3.3 to recover the continuity equation,
we can also combine the main equations of Section 3.2 to recover the Navier-Stokes equation.
Note that Equation (3.48) was not used yet; we use it in this section. But, first, employing the
time derivative related to the fast phenomena (d;, ) in Equation (3.42), multiplying it by %2,

and isolating the first term, we get:
Eatzyou — _Eah v, n©® _ECSZ 0:,V1p (3.60)

Substituting Equation (3.60) into Equation (3.48),

¢, pu + %(Vﬁ)l: R®) +9, V, - @ +V,-n + 29, Vip +
e e s (3.61)
_Eatlvl T - ECS atlvlp =0 y

and simplifying it,

atzpﬁ + E (Vlvl: R(O)) + Eatlvl . 1-[(0) + v1 . 1-[(1) + ECS? atlvlp = 0 (362)
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To recover d; and V, we must perform the reverse Chapman-Enskog expansion. Thus,

multiplying Equation (3.42) by e and Equation (3.62) by €2, we find, respectively,

€dy,pU + €V - @ + c2eV,p =0 (3.63)
€% 0, pU + E (eV,eV,:R®) + 2ed, €V, @ + 2V, - n® +
2 2 1

) L (3.64)

+Ec§eatleV1p =0

Summing both equations and grouping similar terms,

(ed,, +€2d,,)pu + eV, - (@ + en®) + (1 + E@tl) c2eV,p +

(3.65)

1 = 1,2 = =
+-€0;,€V; @ +-(eV,eV:RP) = 0
Substituting the asymptotic expansions of d, and v, ie, Equations (3.10) and (3.11),

0ot + V- (M@ + en®) + (1 + gatl) c2Vp + %eatﬁ @ 4

L . (3.66)
+-(VV:R®) =0
2
But we can rewrite the third term as,
— — — — 2
(1 + gatl) ciVp = c2Vp + §6t1c§Vp =c2Vp + %Veatlp ) (3.67)
and then, substitute Equation (3.57) into Equation (3.67),
— — 2 —
(1 + Eatl) c2Vp = c2Vp + %Vatp = (1 + %) c2Vp (3.68)

Hence, the third term of Equation (3.66) can be rewritten as shown in Equation (3.68).
Equation (3.66), then, becomes:
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Equation (3.69) is already the Navier-Stokes equation; however, we can customize it to
present the equation with well-known terms. In Appendix B, we observe that =® and R(®

depend on the equilibrium distribution function fi(o), which emerges from the Maxwell

distribution as:

G @2 a-a> 570)

(0)
Ji P& ( c2 2 ct 2 c2

Rewriting Equation (3.70) by considering the Einstein summation convention,

UuCi, UaCigUpCig uaua)

0 _
f; —pa)i(1+ >

3.71
c2 2cd 2 c? (3.71)

Similarly, we can also write m® (see Appendix B) with Einstein summation

convention and recall that Zifi(o) =p,

’T&OB) Z Ciacigfi(()) — c38qpp (3.72)

i
Substituting Equation (3.71) into Equation (3.72),

(o) + P puYus
=p (O] CIO(CIB ? a)iciaciﬁ Ciy (OF; Cl(xCIB ClyCIS

_puyu (3.73)
2\2 Y Zw CigCig — c28app
N H

and substituting the isotropy conditions (see Appendix B) for BGK collision operator,
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puyUs p puy

1.[(0) = pC528 +— ) 80138\/5 +— 801\/635 +— > 8 586\/
(3.74)

_ PUyly
2

60(8 - pCSZSO(B

To attain the final expression for ©(®), we must observe some index operations. First,

resolving the dot products between tensor and vector,

uyu58a68y5 = uYUYSaB (375)
uyu58ay8[35 = uauB (376)
uyu58a566y = uﬁua (377)

Implementing these operations in Equation (3.74),

u,u Ugu ugu u,u
“(o)zpyys pUqlg pBa_pyys

and simplifying it,
p P
n©® = 7 Ualip + 5 Ul (3.79)
n©® = %(uauﬁ + uguy) (3.80)

Returning to the direct tensor notation, since u, and ug are the same vector U,

n® = g(ﬁi’ +T0) (3.81)
n©® = pyud (3.82)

..............................................................................................................................
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Therefore, we calculated the tensor w(®, which can already be substituted into
Equation (3.69). But, as a next step, we first evaluate the tensor R = ¥ &£,

Substituting Equation (3.71) into R definition,

RO — Us
= wicicxciﬁciy P + E wiciaCiB Ciycis pP +
i i

(3.83)
UsUe UsUs
+ 20k Zwiciacig Ci) CigCic | P — 202 ZwiCiaCiBCiy P
1 1
Enforcing the isotropy conditions (see Appendix B),
R(O) = LI5C52 (80([38]/6 + 8(1\/835 + 80(888\(),0 ) (384)
and calculating the dot products,

u860(86)/5 = uy8aﬁ (385)
u88(xy8[38 = UBS(XY (386)
u58a58[3y = uO‘SBY (387)

Substituting the dot operations into Equation (3.84), we obtain R(®, which we will

maintain in index notation because it will be further required.

...............................................................................................................................

Hence, in this section, we already reached the tensors R(® and w(®). However, to

complete Equation (3.69), we must determine . Differently to R©® and w(® calculations,

which we know fi(o), fl.(l) is unknown to calculate m. The deduction of fi(l) goes from

Equation (3.89) to Equation (3.136). The strategy to obtain it is to substitute Equation (3.21)
into ) = —%fi(l) (see Equation (3.23)) and isolate £*,
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9 = —(8e, + V1 &) (3:89)

Before we substitute Equation (3.70) into Equation (3.89), to turn the algebraic

manipulations easier, we need to rearrange two terms of Equation (3.70), (U - ¢;)? and U - U,

- =@U-HE-¢) = UqCigUpCig = UaUpCigCiy = Uy : ¢ (3.90)
U-U = Uy = Ugugdpy = UU : I (3.91)

Equation (3.70) becomes, then,

fi = po c? 2 ck 2 c? '
When we sum the last two terms of Equation (3.92),
- > ——> > > 2/
o _ u-¢ (Uu:¢c) —cé(uu:I
i = pw; [1 + 2 + 2t (3.93)
From Appendix B, ¢;¢; = Q; + ¢2I,
- > —— 2 ——> 2
o _ u- ¢ (uu 2 (Q; + cs I)) —(uu:csh
fi = pw; [1 + 2 + 2t (3.94)
Simplifying,
o) _ u- G Uu : Ql
fi = puw; [1 + 2 2l (3.95)

Substituting Equation (3.95) into Equation (3.89),
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(3.96)

- u-¢  uu:
fi(l) = —r(at +V;- cl)pwl 1+— -+ ?1 ,
cé 2cg

and employing the distributive property,

0, (pU-¢) 9, (pUWu: Q) - |
Or,p +————+— — ~+ (V- &)p +
O = —tw; N (3.97)
(Vi &) -e&p  (V,-¢)(puu: Q)
+ 2 + 4
cé 2cg

Using the Einstein summation convention, we can prove that:

(V1 €)p = 0uCiyp = Cig 0up = &+ V1p (3.98)
(V&) (pu-&) = 0aCigPUBCig = CioCig Oupup = G : v, (pt) (3.99)
Substituting these relations into Equation (3.97),
a I_i - E a ﬁﬁ : ) —
atlp + tl(pz 1) + tl(p . Ql +Ei.v1p+
1 _ Cs 2 Cg
f;: - _T(l)l N — — — N —— (3100)
&t Vi(pn) | (V;-¢)(ptu: Q)
+
c? 2cd

We will substitute and simplify some terms of Equation (3.100), but we must first

handle some algebraic efforts. From Equation (3.29),
(3.101)

atlp = _v)l ’ pl—i
Employing the dot product of each term of Equation (3.42) by f—;

(3.102)

> >

q-—L @ Ly o2 L
d¢, pu 2 +Vi'm 2 +csVip 2
S S S

=0
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Isolating the first term,

d¢, (pu - ¢;) 61 @8 >
1 CSZ = — CSZ —Vip- G (3103)
Again, employing the Einstein summation convention, we can see that:
Vl ' 1.[(0) ' Ei = aaT[aBCiB = CiB aa'l'[a[g = Eﬁl: T[(O) (3104)
Using Equation (3.104) to rewrite Equation (3.103),
d;, (pu-¢ ¢V, m®
tl(pz i) __GiVa _ V-8 (3.105)
CS CS
Since we already know t(® from Equation (3.82),
a1'1 (pu ) Ci) - _ CiV1: puu _ v’lp . Ei (3106)
c? c?

Stay aware that we want an expression for fl.(l) to calculate ®™. So, substituting

Equations (3.101) and (3.106) into Equation (3.100), and regarding that V,p - & = ¢&; - V, p,

¢V.:pud 0, (puu: Q; .
iVa :pud 0, (p Ql)JrEi_vlpJr

—61'619—61'06— 2
2 o4
fl.(l) = —Tw; . _)CS - _fi (3.107)
Gé: Vilpw) | (V&) (ot : Q)
c? 2cd

Simplifying,
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L &V, pli 4 0, (pud : Q;) 4 &g : V(o) 4

—61 Tpu— 2 4 2
0 = —rw, “ e . (3.108)
L (&)t - @)
2cd
Note that we can write the third term of Equation (3.108) in another way,
at1 (pﬁﬁ) : Ql) = at1 (pu(quQBa) = Qﬁaatl (puauﬁ) = Qi : atl (pﬁﬁ)) (3109)

In this way, we can quickly evaluate the time derivative of puu. Employing the

product rule with Einstein notation,

O¢, (pudd) = O, (PUaUB) = [atl (Pua)]UB + pug0;, ug (3.110)
Employing the product rule of the first derivative again on RHS,
0¢,(puqup) = ug (0, p)ug + (8¢, uq)pug + puedy ug (3.111)

We can write d,, (put) differently than the way expressed by Equation (3.110) if the

product rule regards another set of terms,

atl(puauﬁ) = 6t1(puau3) = U, atl(puﬁ) + (E)tlua)puﬁ (3.112)

Summing Equations (3.110) with (3.112) and subtracting Equation (3.111) from

them,
20, (puauB) — 04, (puaug) = [atl (pua)]ug + pug 0y, ug + ug Jp, (puB) +

+(6t1ua)pu|3 - ua(atlp)uﬁ + (3.113)

—(0¢,ua)pug — pug 9, u
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Simplifying,

0, (puaug) = 0¢, (pug)ug + ug 0, (puB) - (atlp)uauﬁ (3.114)
Returning to the direct tensor notation:

0, (ptt) = 9., (pu)u + ud,, (pu) — (8,,p)ut (3.115)
Substituting Equation (3.115) into Equation (3.109),

B¢, (pUT : Q) = Q; = [0, (PW)T + W, (p¥) — (8¢, p)T] (3.116)
To recover the Navier-Stokes equation, we must neglect terms of order greater than

O(Ma?) [30]. The first two terms on the RHS of Equation (3.116) present O(Ma?); however,

as 0, p = —V, - pt (see Equation (3.29)), the third term yields O(Ma3®) and must be

neglected. Therefore, Equation (3.116) is written as:
0, (pUiti = Q) = Q; + [9, (WU + Ty, (p1)] (3.117)
Since Q; is a symmetric tensor, i.e., Qiaﬁ = Qiﬁa,
Qi : Udy, (pu) = QiaBuB ¢, (pugy) = QiBa dr, (pug)ug = Q; = d,, (pWU (3.118)

Hence, rewriting the last term of Equation (3.117),

01, (P : Q) = Q; + [3,, (PT)T + 0, (pT)T] (3.119)
O¢, (pud : Q;) = Q; : 2 O¢, (P = 2Q; : O¢, (pWu (3.120)
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We know 0, (pu) from Equation (3.42). Substituting its expression into Equation
(3.120),

B, (pUT : Q) = 2Q; ¢ (V- @ — 2V p)d (3.121)
and substituting w(® from Equation (3.82),
B, (pUit = Q) = 2Q; : (—V, - plili — c2V,p)id (3.122)

The first term inside the parenthesis on the RHS achieves O(Ma®) and must be

neglected,
9y, (U Q) = —2¢2Q; : (Vop)i (3.123)

Keep in mind that we are deducing fi(l) and, consequently, V. Therefore,

substituting Equation (3.123) into Equation (3.108),

¢V, : pud 2¢{Q; (V.p)d N &g ¢ Vy(pt) N

—V,pd — :
2 4 2
O = 1w, G = (3.124)
n (V1 ' Ci)(PUU Qi)
2 cé
Simplifying and factoring out clz :
o [cdVi o+ &V ptiE 4+ Qs (Vip)u — 6+ V(oW +
] —

V== (V- &) (piit : Q) (3125)

2 _

2 c?

Next, we will simplify some terms of Equation (3.125). To avoid writing the same

long term repeatedly and turning the equations longer, we define:
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x=c2Vy pu+ Qi (Vip)U — & = V,(pW) (3.126)
Using Einstein notation,

x = c2(0apue) + Qigg(9pp)ua — CigCig(Ippua) (3.127)
and employing the product rule,

X =c2pOgUa + ciUg 0up + Qing(9pP)ua — CigCigh Iplia — CiyCigla dgp  (3.128)

From Appendix B, Q; = ¢;¢; — c21, i.e., Qigg = CigCig — 8y,

X = c2pdquiq + cFug dup + €1, Cig(pp)ua — 7 8ap(dpp)ua + (3.129)
—CiyCigP JgUg — CigCigUa dgp

The order of the variables has no significance because all the terms are scalar. In this

way, canceling out the third and the last terms and employing the dot product 8,5 dg = 0,
X =¢ipOgUq + cug dap — €5 (0ap)Uy — CigCigh Oplq (3.130)
Similarly, simplifying the second and third terms on the RHS,
X =3P Bqliy — CioCigp Dply (3.131)
Again, seeing that Q; 5 = ¢i,Cig — ci8up © CigCig = Qigg + 28,

X = Cszp OqUq — QiaBp aBua - Cszsaﬁp aBua (3.132)
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Employing the dot product 8,5 dg = 0,
X= Cszp Oqlq — Qioch aﬁua - Cszp OqlUq (3133)

Canceling out the first and the last terms on the RHS, and returning to the direct tensor

notation,
—QiypP 9pUa (3.134)
x =—Q; : p(V;1) (3.135)

Substituting Equations (3.135) and (3.126) into Equation (3.125),

g (V1 ) Ei)(pﬁﬁ Qi)
Z p(Vlu) — ¢V, : puu + 22

______________________________________________________________________________________________________________________________

As we know fl.(l), we can now calculate 'V and further substitute it into Equation

(3.69) to complete the Navier-Stokes equation. Hence, substituting Equation (3.136) into the
definition of ), i.e., ®® = ¥, &£ — c21Y; £ (see Appendix B),

&¢[Qi : p(V11)] - &&(&Vy : pud) +
n = ——Z w; (V1 ¢;)(puit : Ql)l Cs.ZIZfi(l) (3.137)

2 c?

From Equation (3.26), Zifi(l) = 0. Then, the last term of Equation (3.137) is zero.
Next, we will analyze the remained terms. Writing the first term on the RHS using Einstein

notation,

> wdle p@0)] = Zw CiaCip [Quyap D51 (3.138)

i
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From Appendix B, Q; 5 = ¢, Cis — 8,5,

Z w; GG [Q; : P(Vﬁ)] = Z W;Ciy CigCiy CigP Osly +

i i

(3.139)
— Z wiciacchSZSV(gp dsu,
i
Since p dsu, and cZ8, 5 play any role in the summation,
z w; &6 Q; ¢ P(V1ﬁ)] = (Z wiciacigciyci5> posuy +
1 1 (3.140)
— (Z wiCiO(CiB> C526y5p aé‘u]/
i
Recalling the isotropy conditions (see Appendix B),
z wiEiEi [Ql : p(Vlﬁ)] = cf(SaﬁSw + Sa],Sﬁ(g + 8a58ﬁy)p (')guy +
i (3.141)
—cﬁSaﬁSwp ('Lguy
Simplifying,
z 0 &&[Qi + p(V1T)] = c#(8ay8ps + 8asOsy )P dsuy (3.142)
i
Since SWSM aguy = a[;ua and 8a58ﬁy aguy = aaU.[g,
Z 0i&&[Qi + p(V1T)] = cdp(dpuq + daup) (3.143)
i
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Note that, when we return to the direct tensor notation, to maintain the index

consistency, we have to write the transpose of Vlﬁ’,

D wdid[Q s p(V,8)] = pet (@) + 7,11 (3.144)

i

Equation (3.144) simplifies the first term inside the summation of Equation (3.137).

Now, we analyze the second term,

1

> it (&, : piin) = Z WiCigCiglci, O5(pusuy)] (3.145)
As 95(pusuy ) plays any role in the summation,

Z wiEiEi(Eﬁl : pUl) = (Z W;CiyCig ciy> s (pusuy) (3.146)
Recalling the isotropy conditions (see Appendix B), we realize the summation is zero,

Z ;& (&V, : put) = 0 (3.147)

Equation (3.147) simplifies the second term inside the summation of Equation

(3.137). Now, we analyze the third term,

2 c?

L [(Va @) Q)] 1
Zwicici [( . 1) = = Zczzwiciaci[g (ayCiVPU-SueQeS) (3.148)
S >
1

i

Since ayciy = ciyay o Vi ¢ =¢"Vy,

48



L [V @)Ut Q] p
Z 08 [( 1 1)2 . = 202 Z ®;Cio CigCi,, OyusucQes (3.149)
i i

Recalling the isotropy conditions (see Appendix B),

(3.150)

Z . l(Vl - ¢;) (piit : Qi)] o

ittt 2
- 2 cs

Equation (3.150) simplifies the third term inside the summation of Equation (3.137).
Now, we can substitute Equations (3.144), (3.147), and (3.150) into Equation (3.137),

n® = — = pct|(¥,1) + 7,4 (3.151)
CS
Simplifying,
" = _prc? [(%,1)" + 7.3 (3.152) |

We finally calculated the tensors @, R(® and ¥, respectively given by Equations
(3.82), (3.88), and (3.152). We can now substitute these tensors into Equation (3.69) to
enforce the well-known Navier-Stokes equation to arise. Substituting, first, Equations (3.82)
and (3.152) into Equation (3.69),

— — — a —
0,pu+ V- {pﬁ’ﬁ — eptc? [(Vlﬁ’)T + Vlﬁ’]} + (1 + é) c2Vp +
(3.153)
+50;,V - plil +E(VV:R )=0

To factor out the divergence operation in most terms of Equation (3.153), we can

write the last term in another form,
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VV:R©® =V (V-R®) (3.154)

Undoubtedly, we must substitute R() into Equation (3.154) and, consequently,
Equation (3.153), yet. As R© is given by Equation (3.88), we calculate V - R©,

V-R©® =29, [(u,84p + upday + uaSpy)p | (3.155)

Implementing the derivative 0, in each term, and recalling that d,8,, = d, and

0y6gy = 0g,

V-RO = c2(9,pu, 84 + dgpug + dgpuy) (3.156)
Returning to the direct tensor notation,

— —> — — T

VRO =2 {(V pi)I + V(pt) + [V(p1)] } (3.157)

Substituting Equations (3.154) and (3.157) into Equation (3.153),

_ . . 0 .
;pu+ V- {pﬁ’ﬁ — eptc? [(Vlﬁ)T + Vlﬁ]} + (1 + —t) ciVp +

2
(3.158)
+56t1V - pud + 7V : {(V - pi)I + V(pu) + [V(p1)] } =0
Factoring out the divergence operation,
d:pu +
. - T = 0 € -
put — eptc? [(Vlu) + vlu] + (1 + f) cipl + 50, puli + (3.159)

Il
ol

+V' c2 T
+ ?S [(V -pi)I + V(pw) + (V(PG)) ]
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Substituting Equation (3.115) into Equation (3.159),

d:pu +

== 2l(o = T v ( ﬁ) 2 E wu
(puu €EPTCS [(Vlu) + Vlu] +|1+ 5 )Cs pL+ Zat1 (pu)u _q (3.160)

v +<t0,, (o) — < (0 )awrcsz (V- pW)I + V(o) + =0
-1 i) — = ud + — . T
! p ) t.P > +(V(pl—,{))

From Equation (3.29), we know that 8, p = —V, - U. Hence, (d,, p)ut has O(Ma®)

and must be neglected. Considering this and also substituting Equation (3.42) into 9., (pu),

d:pu +
puu — eptc? [(Vlu) + Vlu] + (1 + 7) cZpl +

€, = = € o
5.1%3 (—c2V,p -V, -n@)u + Eﬁ(—cszvlp -V, @)+ (3.161)

Il
ol

c2 (V) - pU)I + V(pu) +

L 2 (V(pﬁ))T )

From Equation (3.82), m® = puu. Therefore, (V, )4 and UV, - @) in

Equation (3.161) have O(Ma®) and must be neglected,

- T = d
puu — eptc? [(Vll_i) + Vll_i] + (1 + é) c2pl +
2

c2 (V - pi)I + V(pi) +|p =0 (3.162)

Vip)u +WVip| + = -
(@l m@ol v 31 (wom)’

Substituting Equation (3.11) into Equation into Equation (3.162), we recover Vv

operator,
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o - d
puu — ptc? [(VG’)T + Vﬁ’] + (1 + ?t) cipl +

depU+ V- c2 (V- pt)I+V(pt)) +|p =0 (3.163)

¢z - L =
- [(Vp)u + uVp] + > N (V)(pﬁ))T

If we look closely, we can see that the continuity equation appears in Equation

(3.163). If we multiply Equation (3.59) (the continuity equation) b éI,
ply Eq Yy €q y 5

c? c? _
- 0Pl +— (V-pi)I=0 (3.164)
Substituting Equation (3.164) into Equation (3.163),
——> —— T -
puu — prc? [(Vu) + Vu] + c2pl +
Opi+V-R 2 . c2r, .. T =0 (3.165)
-5 [(Vp)u + uVp] + - [V(pu) + (V(pu)) ]}
- C2
Factoring out ;S
—— —)_) T —)_)
puu — prc? [(Vu) + Vu] + c2pl +
d,pU 4+ V- =0 (3.166)

+ g [—(V)p)ﬁ —UVp + V(pt) + (V(pﬁ))T]

We can reduce the summation inside the brackets. Again, to avoid writing the same

lengthy-term repeatedly and turning the equations longer, we define:
— N = — — — — T
x =—(Vp)u —uVp + V(pu) + (V(pu)) (3.167)
Using Einstein summation convention to rewrite Equation (3.167),
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X = —(0ap)ug — uy dgp + d4(pug) + dg(puy) ,
employing the product rule,
X' = —(3up)ug — ug 0pp + p dqup + (0up)ug + (8pp)ue + p guy
and simplifying,
X =poqug+ podguy
Returning to the direct tensor notation,
X =p [Vﬁ + (Vﬁ)T]
Substituting Equations (3.167) and (3.171) into Equation (3.166),

—

2
;,pu+ V- {pﬁ’ﬁ’ — ptc? [Vﬁ + (VH)T] + c2pl + %Sp [Vﬁ + (VH)T]} =0
_ R A\ T
Factoring out Vi + (Vu) ,
2
d.pUi + V- {pﬁﬁ + <% — pTCE) [Vﬁ’ + (Vﬁ)T] + pcszl} =0

Factoring out pcZ,

- 1 - - -
O:pu+ V- {pﬁTj + (E — T) pc [Vﬁ’ + (VG)T] + pcszl} =0
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(3.171)
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(3.174)



In LBM, the pressure for ideal gases is p = pc2 . Introducing it into Equation (3.174),

_ 1 o ,
9,00 = —V - {paa _ (r - E) pe? |V + (vﬁ)T] + pl} =0 (3.175)

Hence, we finally recovered the Navier-Stokes equation in its well-known form, i.e.,
Equation (3.175), for only small values of Ma (we neglected terms with order equals to or
greater than O(Ma?®)). According to Bird et al. [24], in a system with a gravitational force

field, the motion equation is:
depi=—V-puii—Vp—V-S+pg=0, (3.176)

where g is the gravitational acceleration and S is the deviatoric stress tensor.

We can compare our recovered equation, i.e., Equation (3.175), with the classical
Navier-Stokes equation, i.e., Equation (3.176). The first, second, and third terms of Equation
(3.175) are also in Equation (3.176). Since we started this deduction neglecting external
forces (see Equation (3.1)), we must neglect pg in Equation (3.176). Hence, comparing the

remained terms,

—

- 1 — -
_V.s=V- {(T - E) pe? |V + (vﬁ)T]} (3.177)
1 -, = \T
S=- (T — E) pc? [Vu + (Vu) ] (3.178)
The stress tensor describes the distortion of a body and is defined as [24],
- — T 2 =
S = —u [V + (Vu) |+ <§u = x) V-1, (3.179)

where p and k are, respectively, the shear and dilatational viscosities. From the continuity

equation, we know that V-d=0for incompressible flow. Then,
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S = —u[Vi + (Vo) | (3.180)

Substituting Equation (3.180) into Equation (3.178),

— s 1 — .
—u[Fa+ (Fd)'| = = (v =3) pc? [T+ (F) | (3.181)
and simplifying,
1
p= (T - E) pc (3.182)

Seeing that the kinematic viscosity is v = u/p, then,

v = (r — %) c? (3.183)

Equation (3.183) reveals that both physical and numerical frameworks are connected
to only one parameter: the relaxation time, which links the mesoscale to the real fluid
property (macroscopic value) when 6t = 1. Hence, the relaxation time is associated with
stability: values around = ~ 0.5 may induce numerical instabilities since it approaches
unphysical viscosities (u < 0). For any interval of lattice time &t, Equation (2.30) is
recovered instead.

We conclude Equation (3.175) recovers the Navier-Stokes equation for the BGK
collision operator and small Ma (i.e., incompressible flow). Other collision operators, such
as MRT, also recover the Navier-Stokes equation, but with a different format from Equation
(3.174). Because of the Mach number influence in the deduction, Ma is understood as a
dimensionless number that monitors the LBM accuracy: for higher Ma, the compressibility

effects that arise deteriorate the simulation accuracy.
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Note that the Navier-Stokes equation is recovered with a second-order approximation
In f; expansion, i.e., in Equation (3.13). Other relevant equations originate from different
order expansions instead. For instance, the Euler and the Burnett equations emerge,
respectively, when zeroth- and second-order approximations are considered. Both equations
represent the momentum conservation, but the former is for an ideal fluid (u = 0) and the
latter for higher Knudsen numbers (e.g., ultrasonic sound propagation) [21]. On the other
hand, it is only necessary a zeroth-order approximation in f; expansion to recover the
continuity equation.

The Chapman-Enskog proves to be a helpful method to check for LBM consistency.
Still, one can also handle this analysis with other methods, such as the Maxwellian iteration,
the regular error, and Hermite expansions, without losing information. Nevertheless, the

Chapman-Enskog is the most used method in the literature.
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Chapter 4
Computational aspects of LBM

The evidence of the LBM consolidation in the transport phenomena community is the amount
of several available open-source codes (e.g., Palabos [56], OpenLB [57], Taxila LBM [58],
and walLBerla [59]) and even commercial software (e.g., SIMULIA’s PowerFLOW [60], and
NUMECA’s OMNIS/LB [61]) that implement LBM. Through commands modified
exceptionally for this method, they improve the user programming, enhance productivity,
efficiency, and performance, facilitate parallelization if desired, and support
multidisciplinary investigations (e.g., thermal and multiphase combined flows). Although
they present various LB models already implemented and validated, we write our own codes
using C/C++ language in this work to ensure we understand the LB concepts entirely. We
summarize a general LBM algorithm in Figure 7, the foundation of our codes. Hence, this
chapter is a valuable starting point to demonstrate for LBM beginners how to use the theory
equations presented in Chapters 2 and 3. Here, we validate our computational LBM
implementation and highlight its main features. For this purpose, we perform two frequent

Yes End . ., .
| - — = - Macroscopic quantities - -

I

I

- Initialization - " ;7 AN : o, t) = Z fiXt)

= ’ N -
We set: p, F, U, | {|Error| < 10779 1

., and L s ’ s 1.,

fi fpostl ; N 7 : iR t) = ;Z &fiR t) + A%

Tl
>
&

-—— - - - = o

°|

R — [ —— \ /7 1 -
N\ 4 1
K e 0 5 O B 0
No ]

——————— Streaming - - = 4 - = =

m—————— Collision ' = = = = = = = = : q g .g q :

| N . 1 | Boundary conditions an N

foost, &, O) = i, O) + [L(f) + Filét >, s
i R DUDI0 1 AGHESLEH 80 = fon, (Ro) |

Figure 7: General diagram for an LBM code. Sections 2.3 to 2.5 cover the implementations of Q;(f;), F; and
boundary conditions. The error is calculated as the difference of the updated variable (e.g., density and velocity)
from its value at a previous distant iteration.
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examples of the LBM application: the Couette (Section 4.1) and the square-cavity flows
(Section 4.2).

4.1 Couette flow

In the Couette flow problem, a fluid is confined between a top and a bottom walls and
presents zero initial velocity. The top wall ensures the flow since it moves to the right with a
constant horizontal velocity u,,, as shown in Figure 8. After the system reaches the steady

state, the velocity profile u,(y) achieved is [62]:

ux(y) = %Iﬁwl , (4.1)

where y is the vertical position, h is the height between the walls, and L is the length from

the inlet to the outlet.

/ ow
v
Inlet u(y) Outlet
h —_— —XoT 2y —_—
ylx,
“ L >

Figure 8: Illustrative sketch of the Couette flow benchmark, where the blue region and the arrows represent,
respectively, the fluid and the velocity profile.

Assume, for illustration, that the fluid is water, the Reynolds number is Re = 1000,
and the geometry specification are h = 0.01 m and L = 5h. Then |u,,| can be calculated for

the Couette flow benchmark as:
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L —_
Re — [ | , (4.2)
v

where v is the kinematic viscosity, which is v = 10® m?/s for water at 20°C.

However, a proper implementation of the LBM requires a careful unit conversion of
the physical problem specifications (originally in the International System of Units in this
case) into lattice units (l.u.). This conversion is usually performed through similarity scaling.

For instance, the ratio between the real density (p®) and the lattice density (p*) determines

the density conversion factor (Cy)”:

R
(c;)° = 27 . (4.3)

The density in LBM is usually specified around one (p* = 1) to ensure stability,
which results (C;)” = pR. For water (p = 1000 kg/m?), (C;)” = 1000 kg/m3.

Notice the proportion of the domain is determined in Figure 8, which implies that one
only needs to determine h or L in the LB implementation. However, as covered in Chapter
2, the lattice is discretely composed of nodes, and (6x)* is generally fixed as (6x)t = 1.
Thus, it is more straightforward to set the number of nodes in the horizontal (N,) or vertical
(N,) directions.

There are two walls in the vertical direction. We place the top wall at row = 1 (solid
nodes) and the bottom wall at row = N,, (solid nodes). Figure 9 helps the visualization. The
first row/column of the arrays and matrices is identified as position zero in C/C++ language,
differently to, e.g., MATLAB. In other words, we ignored row = 0 for convenience.
Consequently, there are N,, + 1 nodes over the vertical direction (considering row = 0), but
only N,, — 2 fluid nodes (discarding row = 0 and the walls). On the other hand, there are no
walls in the horizontal direction. Then, the fluid nodes stand from column = 1 to column =
N,.. Consequently, there are N, fluid nodes over the horizontal direction.

A given variable that presents a particular value for each domain position is a matrix

in the implementation. Note that the call of a matrix in the C/C++ language is
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matrix_name[row][column]. For instance, the dimension of the density matrix is
rho[Ny + 1][Nx + 1] but their values are only calculated at 1 <row <N, and 1<

column < N,.

N, + 1 total nodes
N, fluid nodes
N, intervals between nodes in the fluid region

N, + 1 total nodes i i i 8 B 8 A B e |
Ny—2fluld nodes i O O O O O O O O 0. 2
Ny, — 2 intervals between " (8x)* . I
nodes in the fluid region ;:_':. 1 O O% O O O O O O 1 3
O UV o O SO WSO 1
\ " & &6 & 6 6 & & & o o -
Columns: 0 1 2 3 4 5 6 7 8 9 N,=10

Figure 9: Domain representation for the Couette flow problem considered when N,, = 4. The solid, fluid and
ignored nodes are, respectively, the black, white and dashed nodes. The dashed lines (—-) are the computational
boundary in the link-wise approach.

If one specifies N, = 100 nodes, N, is calculated from similarity. Based on Equation

(4.3), the conversion factor for distances (C;)" is:

h
Ny, — 2)(6x)*

(4.4)

(Cf)d = (

Note that (N, — 2)(6x)" is written in the denominator because one must compare
distances rather than node quantities. As discussed above, there are N, — 2 fluid nodes over
the vertical direction, which leads to N, — 3 intervals between fluid nodes, one interval

between the fluid node and the top wall, and one interval between the fluid node and the
bottom wall. But we intend to incorporate the link-wise approach (Section 2.4.1), which
places the wall midway the solid and fluid nodes. Hence, there is, actually, 0.5 interval

between the fluid node and each wall. As a result, the total number of intervals between nodes
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is N, —3+ 0.5+ 0.5, i.e,, there are N,, — 2 intervals over the vertical direction. Then, N,, —

2 must be multiplied by the length of each interval (6x)" to allow the distance comparison.

similarly, (¢;)” can also be written using L:

d L
(¢r) = N.GxF (4.5)

Matching Equations (4.4) and (4.5),

N, = L(Ny_h_z) (4.6)

Stipulating N,, = 100 nodes, Equation (4.6) achieves N, = 490 nodes. Categorically
for this benchmark, one could implement a less refined lattice without losing accuracy
because the Couette flow has linear dependence. For the same reason, the problem is
independent of the relaxation time, corroborating to carry out the BGK model.

Therefore, LBM-BGK simulations were employed with 7 = 0.6 and t = 1.0, which
provides, respectively, v = 0.033 l.u.and v = 0.167 lL.u. from Equation (2.30). As suggested
in Figure 7, the first step in the implementation is to initialize all the variables. The
macroscopic velocities in the x-direction (ux[row][column]) and in the y-direction
(uy[row][column]) are zero for all fluid nodes (1 < row < N, and 1 < column < N,,). For
the same range, the initial density is rho[row][column] = 1.0.

Notice that the initial values of the probability distribution function
f[row][column][direction] are required to conduct the collision step and may impact the
following calculations. This influence is only evidenced in transient issues or problems that
depend on the initial conditions [21], which is not the case for the Couette flow problem.

However, to initialize f[row][column][direction] consistently with transient
problems is an LBM programming good practice. In this case, the equilibrium scheme is a
frequent initialization, in which f[row][column][direction] = feq for all fluid nodes.
Alternatively, one can implement the (i) non-equilibrium scheme, through which the non-
equilibrium part is also inserted in the initialization [63], or the (ii) iterative method, which
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resolves the Poisson equation to initialize f[row][column][direction] consistently with the
velocity field [64, 65].
As displayed in Figure 10, the equilibrium distribution function feq is computed from

Equation (2.12) using the initial densities and velocities for the equilibrium scheme.

for(row = 2; row < Ny; row++){

for(column = 1; column Nx: column++) |
for(direction = 0; direction < 9; direction++) |
cu = cx[direction]| * ux[row]|[column] + cy[direction] * uy[row|[column]: Dot product
U2 = ux[row|[column] * ux[row][column]| + uy|[row|[column] * uy[row|[column]: // Dot p
feq = w|direction] * rho[row][column] * (1 + 3*cu + 4.5*%cu*cu - 1.5%U2); Eq 2)

flrow][column][direction]| = feq: Equilibriun

Figure 10: Initialization of the probability distribution function employing the equilibrium scheme, in which
cu= -4, U2=1-4feq = £, and w = w;. The discrete velocities cx[direction] and cy[direction] are
found in Equation (2.14).

Note that f[row][column][direction], different from the density and velocities, is a
three-dimensional array because it also contemplates the lattice directions i (Section 2.2).
Since 0 < direction < 8 for the D2Q9 model, f[row][column][direction] is composed of
nine two-dimensional arrays with individual dimensions of N;, + 1 X N, + 1.

Contrarily, a proper initialization scheme for f post[row][column][direction] is

unnecessary because the LBE calculates fposti in the collision step. However, to declare and

initialize all the variables as zero, including f_post[row][column][direction], is a good
programming practice. This habit guarantees the variables will not collect garbage values and
avoids the algorithm having undefined behavior.

The collision is measured in Figure 11. The difference from Figure 10 is that Figure
11 evaluates the LBE to calculate f post[row][column][direction]. The collision step

becomes, then, a straightforward way to initialize f,,s., consistently with f;, and with the

velocity and density fields. Note that one can write omega (= 1/7) rather than tau (= ) in

the LBE to improve the time performance of the algorithm preventing undesarible divisions.
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for(row = 2; row < Ny: row++)

for(column = 1; column <= Nx; column++) |
for(direction = 0; direction < 9; direction++) |
cu = cx|direction] * ux[row]|[column]| + cy[direction| * uy|[row|[column]: Dot product
U2 = ux[row|[column| * ux[row]|[column] + uy[row|[column]| * uy[row]|[column]; // Dot product
feq = w|direction| * rho[row|[column] * (1 + 3*cu + 4.5%cu*cu - 1.5%U2); Equation (2.12)
Equation (2.29)
f post[row|[column]|[direction]| = fl[row|[column]|[direction| — ((f[row]|[column]|[direction| — feq) * omega):

Figure 11: BGK collision step, in which cu = ¢ -4, U2 =4 -4, feq = £/, w = w;, and omega = 1/7. The
discrete velocities cx[direction] and cy[direction] are found in Equation (2.14).

According to Figure 7, the next step is the streaming, in which f; propagates through
the nodes as a result of the collisions performed. Since D2Q9 model was implemented, f; is
allowed to propagate to nine different neighboring nodes. To track which neighboring node
at position (rho_new, column_new ) is chosen depending on the value of i (or direction),
one must recall the definition of the velocity magnitudes, i.e., ¢, = (6x)L/(6t)F =

(column_new — column)/(5t)L and ¢y = (row — row_new)/dt, and, then, calculate

column_new and row_new as follows:

column_new = column + cx[direction] , 4.7

row_new = row — cy|[direction] , (4.8)

where the sign before ¢; is intentionally inverted because the identification of the matrix rows
increases downwards while c, is negative for this direction.

In Figure 12, the periodic conditions are implemented at column = 1 and column =
N, and the halfway bounce-back scheme at row = 2 and row = N,, — 1. The distribution
function, which always originates from a fluid node, is exposed to five different situations:
(i) f; propagates and hits the moving wall at row_new = 1 (Equation (2.44) is implemented),
(i) fi propagates and hits the bottom wall at row_new = N, (Equation (2.45) is
implemented), (iii) f; propagates and arrives at an ignored node at column_new = N, + 1

(Equation (2.50) is implemented), (iv) f; propagates and arrives at an ignored node at
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column_new = 0 (Equation (2.51) is implemented), and (v) f; propagates to other fluid node

(Equation (2.16) is implemented).

for(row = 2; row < Ny; row++)
for(column = 1; column <= Nx: column++) |
for(direction = 0; direction < 9; direction++) |

column_new = column + cx|direction|;
row_new = row — cy|direction];

if(row_new == 1 || row_new == Ny)/|

switch(row_new) |
case 1:

flrow][column][rc[direction]|] = f post[row]|[column]|direction]
— 6 * w[direction] * rho[row]|[column] * cx|direction] * uw;
break;

case Ny:
flrow][column|[rc[direction]] = f post[row][column][direction];
break;

switch(colum_new){

case Nx+1:

flrow_new|[1][direction] = f post[row][column][direction];
break;

case 0:
flrow_new|[Nx][direction] = f_post[row|[column][direction];
break;

default :

flrow_new|[column_new]|[direction]| = f post[row][column][direction]:
break;

Figure 12: Streaming step calculation. The discrete velocities cx[direction] and cy[direction] are found in
Equation (2.14).
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When f; propagates from a fluid node to a solid one, its direction changes due to the

solid boundary condition (Section 2.4.1). As an example, f, at a node (N,, — 1, column) hits
the wall at (N,, — 0.5, column), becomes f, and propagates back to the original node at (N,, —

1, column). To capture this change, the halfway bounce-back scheme is implemented in
Figure 12 with an extra variable, rc[direction], which only recalculates the direction of f;
when the algorithm requests the boundary condition. The variable rc[direction] is declared

as:

intrc[9] = {0,3,4,1,2,7,8,5,6}; (4.9)

and it is equivalent to the values of T in Chapter 2.

The macroscopic quantities are updated after the streaming step. One may apply “for
loops” to calculate the densities and velocities in Equations (2.22) and (2.23), but one can
simplify this by writing the equations in their complete form, as displayed in Figure 13.
Through this description, the density is measured at once, and the algorithm is released to
perform various irrelevant ¢;f; multiplications since the ¢; values are directly inserted in the

velocity calculations.

for(row = 2; row < Ny; row++) {
for(column = 1; column Nx: column++){

rho[row|[column]| = flrow|[column][0] + flrow]|[column][1] + flrow]|[column]|[2] + flrow][column][3]
t flrow|[column][4] + flrow]|[column]|[5] + flrow][column][6] + flrow]|[column]7]
+ flrow][column][8] ;

ux|[row|[column| = (flrow|[column|[1] + flrow]|[column][5] + flrow]|[column][8]

flrow][column][3] — flrow][column][6] — flrow][column][7]) / rho[row][column] :
uy[row|[column] = (frow|[column][2] + flrow|[column][5] + fl[row]|[column][6]

flrow|[column][4] — fl[row]|[column][7] — flrow]|[column]|[8]) / rho[row]|[column] :

Figure 13: Macroscopic quantities calculation through Equations (2.22) and (2.23). The discrete velocities
cx[direction] and cy[direction] are already considered for 6x = 1 and 6t = 1.
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At this moment, the data of this time step can be exported to the hard disk if desired.

Next, the algorithm returns to the collision step (Figure 11) to update fposti using the newest

macroscopic densities and velocities. The algorithm proceeds to conform to Figure 7 until
the macroscopic quantities converge.

Figure 14 compares Equation (4.1) with the velocity profile obtained in the post-
processing employing our LBM code. The velocities agree well with the analytical profile
both for t = 0.6 and 7 = 1.0. As expected, the Couette flow is z-independent because it

provides linear spatial dependence.

1.0

—Analytical solution
OLBM (7=0.6)
0.8 { ALBM (= 1.0)

0- X ’: ;’ . ‘ L) T T
0.0 0.3 0.5 0.8 1.0
y/h

Figure 14: Normalized velocity profile of the Couette flow for |d,,| = 0.067 L.u. (z = 0.6) and |u,,| = 0.333
L.u. (t = 1.0). In both cases, Ma = |u,,|/cs < 0.3, which ensures accuracy.

Since the link-wise approach was employed, one can only visualize the accurate
agreement in Figure 14 if the match between the lattice location and its velocity is evaluated
correctly. Based on the definition of the conversion factor, the physical spatial increment

(6x)R between each node is:

50 = (¢) (Gxyt = —— = L
0" =(6) 00 = =7

(4.10)
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Hence, (6x)® = 0.102 mm in our simulations. Exemplifying, the physical location
of the velocity at row = 2 is h — 0.5(6x)®, and at row = 3 is h — 1.5(5x)~. Generalizing,

at a given row (for 1 <row < N,), the physical location of the velocity is h — (row —
1.5)(8x)R. If this relationship is ignored, Figure 14 will present a deficient agreement.
If desired, the conversion factor of the velocity (Cf)u can be promptly evaluated.

First, in this case, the conversion factor of the kinematic viscosity is calculated as:
R
v v
(¢) = il (4.11)

Since (Cf)u has a dimension that can be written as a function of the dimensions of

(¢;)" and (¢;)", one can compute (;)" as:

()"

(cp)"

(4.12)

For 7 = 0.6, (C;)" = 0.294, and for = = 1.0, (C;)" = 0.059. Then, the physical

velocities are calculated through (u,)R = (Cf)u(ux)L.

4.2 Square-cavity flow

In the square-cavity flow benchmark, a cubic region composed of solid walls with
length L confines the fluid, as illustrated in Figure 15(a). Similarly to the Couette flow, the
fluid with initial zero velocity gains momentum from the top wall, which is moving to the
right with constant velocity u,,. The proposition to construct the lattice in Figure 15(b) is the

same as in Section 4.1. Still, differently, there are solid walls on the lateral sides.
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Again, the physical parameters of the real problem are specified first: simulations of
water at 20°C (v = 10°® m2/s) were carried out for L = 1 m, Re = 400, and Re = 5000. The
velocity of the moving wall is calculated through Equation (4.2). The square domain (N, =
N, = N) consists of N+ 1 X N + 1 total nodes. By setting the walls as Figure 15(b)

suggests, the range of the fluid nodes is 1 < row < N,, and 1 < column < N,.
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Figure 15: Illustrative sketch of (a) the square-cavity flow benchmark, and (b) LBM domain when N,, = 9. The
blue region represents the fluid. The solid, fluid, corner, and ignored nodes are, respectively, the black, white,
red, and dashed nodes. The dashed lines are (a) the central axes of the domain, and (b) the computational
boundary for the link-wise approach.

The algorithm for this benchmark is almost the same as for the Couette flow. The
difference emerges at the streaming step because the solid boundary conditions must be
applied in the lateral walls rather than periodic conditions. However, the halfway bounce-
back scheme framework is the same as in Figure 12 and is easily extended for
column_new = 1 and column_new = N,.

Moreover, the challenge is to model the boundary conditions in the four corner nodes,
I.e., the red nodes in Figure 15(b), and prevent instabilities from arising. At the end of the
streaming step, after performing all f; propagations and boundary conditions, one must
correct two f; in each corner node. Hence, the last effort in the streaming step is to incorporate
Equation (2.47), as displayed in Figure 16.

68



The results are compared with the data from Hou et al. [66] work, which also
accomplished LBM simulations, to validate the algorithm for this benchmark. Both for Re =
400 and Re = 5000, the density is initialized as p = 1.0. The relaxation time (z = 0.6 and
T = 0.8) and the number of nodes (N = 101 and N = 257) vary for Re = 400. The
comparison is achieved by analyzing the normalized velocities uy /[t | and uy/[d,,| over,

respectively, the central y-axis and x-axis (see Figure 15(a)).

5] = 0.5%(rho[2][2] - (f[2][2][0] + f12][2][1] + f]2][2][2] + f]2][2][3] + f2][2][4] + f12][2](6] + f12][2][8]));

fNy-1][2][6] = 0.5%(rho[Ny-1][2] — (fINy-1][2][0] + f[Ny-1][2][1] + fiNy-1][2][2] + f]Ny-1][2][3] + f[Ny-1][2][4]
fINy-1][2][5] + fINy-1][2][7]));
f[Ny-1][2](8] = f[Ny-1][2][6];

f12][Nx-1][6] = 0.5%(tho[2][Nx-1] — (f12][Nx-1][0] + f]2][Nx-1][1] + f[2][Nx-1][2] + f12][Nx-1][3]
+ f]2][Nx-1][4] + f12][Nx-1][5] + f12][Nx-1][7])):
f[2][Nx-1][8] = f[2][Nx-1][6];

fINy-1][Nx-1][5] = 0.5*(rho[Ny-1][Nx-1] — (f{Ny-1][Nx-1][0] + f{Ny-1][Nx-1][1] + f{Ny-1][Nx-1][2]
F f]Ny-1][Nx-1][3] + f{Ny-1][Nx-1][4] + f{Ny-1][Nx-1][6] + fINy-1][Nx-1][8]));
f[Ny-1][Nx-1][7] = fINy-1][Nx-1][5];

Figure 16: Corrections of the corner nodes distribution functions in the streaming step, through which Equation
(2.47) is incorporated.

Figure 17 shows the reliable agreement of our velocities for Re = 400. The values
remain unaffected by modifying t, but they slightly change at 0.1 < y/L <0.5,0.1 < x/L <
0.4, and 0.8 < x/L < 1.0 when adjusting the lattice refinement. In conclusion, the number
of fluid nodes is a critical feature to ensure the simulation accuracy for the square-cavity
flow. Furthermore, a higher N may produce colored velocity maps with improved conformity
in the post-processing step.

The excellent agreement endures in Figure 18 for a greater Reynolds number (Re =
5000). To keep the method stable with the BGK model, the number of nodes increases for
N = 501 and the relaxation time drops for T = 0.55. Even with this condition, the Mach

number (Ma = |u,,|/cs) stays at the limit of accuracy with Ma = 0.289 < 0.3.
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Figure 17: Normalized velocities (Re = 400) over the central axes varying the relaxation time (z = 0.6 and t =
0.8) and the number of nodes (N = 101 and N = 257), which leads to |u,,| = 0.052 l.u. (t = 0.6 and N = 257),
|u,, | = 0.157 Lu. (z = 0.8), and [u,,| = 0.135 L.u. (t = 0.6 and N = 101).
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Figure 18: Normalized velocities (Re = 5000) over the central axes for T = 0.55 and N = 501, which leads to

[d,,| = 0.167 Lu.
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Chapter 5

Unified multiphase model

The previous chapters presented the main LBM features regarding theory, the connection
between scales, and implementation aspects. Their discussion also prepares the reader to
advance to other LB topics, such as the multiphase analysis. At this point, Chapter 5 delivers
the second independent part of this dissertation: the unified multiphase model proposal. Here,
we incorporate the bottom-up-based pseudopotential methodology, centered in the Shan-
Chen model, into the LBM formalism.

5.1 Introduction

Several multiphase models have been addressed in LBM literature. Gunstensen et al.
[67], based on the Rothman-Keller model [68] for the Lattice Gas Automata, proposed in
1991 the first multiphase approach for LBM, the colored model. It provides a different color
for each fluid, causing the interface to arise from the color gradient promptly. Besides the
simplicity, the model is ineffective in incorporating thermodynamic concepts.

On the other hand, the free energy model, proposed by Swift et al. in 1995 [69, 70],
presents a profound thermodynamic foundation. By setting a free energy functional, the non-
ideal pressure tensor is calculated and incorporated in LBM. A third approach, initially
proposed by He et al. in 1999 [71], is based on the phase-field theory. The model incorporates
the order parameter and recovers the Cahn-Hilliard or a Cahn-Hilliard-like equation, which
discriminates the phase regions.

Many researchers, however, adopt the pseudopotential model proposed by Shan and
Chen in 1993 [15] because it is simple to implement and provides good results and
computational efficiency [16, 17]. Their insight was to mimic the interactions through an
indirect function of space: the pseudopotential. Nevertheless, important limitations have
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already been remarked in the literature, such as thermodynamic inconsistency [45, 72],
narrow temperature range of application [9, 73], low-density ratios [9, 74, 75], weak stability
[51, 76, 77], coupling of physical properties [52, 78, 79], and large spurious currents [80, 81].
Spurious velocities or currents are unphysical velocities that arise in the lattice domain,
mainly near curved interfaces, because of a lack of isotropy to calculate the interaction forces
[80] and the mesoscopic redistribution [81].

In general, the strategies to mitigate the constraints can be classified into four broad
categories: (i) the incorporation of better equations of state (EOS) and optimal parameters
[53, 74, 82], (ii) the adoption of forcing schemes [51, 53, 79], (iii) the implementation of
different approaches for interaction forces [9, 72, 80, 83], and (iv) the inclusion of enhanced
collision operators [31, 84, 85]. Yuan and Schaefer demonstrated that incorporating real EOS
can minimize spurious currents and increase density ratios [74]. Additionally, a proper
forcing scheme can enhance the thermodynamic consistency, enlarge the temperature range
[45], condense spurious currents [86], and independently adjust interface thickness and
surface tension from density ratios [79]. However, the third strategy, which involves
calculating the interaction force, will be the main focus of this work.

Many seemingly independent interaction models, such as Kupershtokh et al. [9],
Zhang-Chen [87], Gong-Cheng (also known as -scheme) [83], and Yang-He [73] are often
used in the literature [76, 88, 89]. Fine-tuning of additional parameters certainly enriches the
pseudopotential LBM. It can achieve density ratios larger than 10* with Peng-Robinson EOS
[90] or even larger than 10° with Carnahan-Starling EOS [9], as well as good thermodynamic
consistency and a wide temperature range of stability [83]. Besides having been implemented
in multicomponent multiphase simulations [8, 88], some models have been successfully
carried out in heat problems [91, 92, 93].

Despite their attested individual performances, Kupershtokh et al., Gong-Cheng, and
Yang-He forces (Section 5.2) are largely accepted as distinct models [90, 94], and parameters
are chosen without a theoretical basis. Here, we suggest a unified model by arguing that there
is a relationship among models and their parameters, making them equivalent. We
demonstrate this both through algebraic manipulations (Section 5.4) and numerical analysis

(Sections 5.5 and 5.6) of multiphase droplet simulations. We confront the models and
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compare the extent of their limitations regarding spurious currents, thermodynamic

consistency, density ratios, and method stability.

5.2 Pseudopotential multiphase models

5.2.1 Shan-Chen multiphase model

Shan and Chen proposed the first interaction pseudopotential model [15], which is

written in the continuum form as:
FSC(X) = —Gc2Y RV (X + ¢,6t)6t2, (5.1)
where G is an interaction strength, and 1 is the pseudopotential, also named effective mass.

The interaction force can be repulsive, if G > 0, or attractive, if G < 0. Equation (5.1) is

discretized as:
FCR) = ~6e2p () ) wldIIWG + Gongot, (52)

where w(|¢;|?) are the static weights (w(|e,|?) = wq/c?). Because of the external force, the

behavior of the fluid is described by a non-ideal EOS:

Gc25t% Y2 (X) (5.3)
—

P = p(X)ci +
5.2.2 Other multiphase models

In 2003, working with non-isothermal problems, Zhang and Chen [87] proposed

another interaction model,
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FX(®) = —VU (X + ¢;6t), (5.4)
where the EOS can be inserted by:
UR) =pR) —pE)c?. (5.5)

However, the Zhang-Chen model proved insufficiently accurate and stable to model
the multiphase problems in their central discussion [95]. Around 2007, Kupershtokh et al.
[96] extended this model, which can be rewritten as follows,

FZC(R) = —VU = V(-U) = V(V=U)" = 2v=0 ¥(V=0). (5.6)
Through adding and subtracting V(-U) multiplied by a constant A in Equation (5.4),
FK®) = V(=U) + AV(=U) — AV(=U). (.7)

Replacing the first and the last terms on the RHS of Equation (5.7) with Equation

(5.6),
FXR) = 2V=U V(V=0) + AV(~U) — 24V—U V(V=0). (5.8)
Finally, using the definition ¢? = —U, Kupershtokh et al. model is given by:
FKR) = AVP2 (R + &6t) + 2(1 — A)p RV (X + &6t), (5.9)

which can be discretized as follows,
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FKR) = AZW(|ai|2)¢2(§ + 4605t +
: (5.10)
+2(1 - A)p®) Z w(&|) o + &66)86t .

However, Kupershtokh et al. model is originally written differently. If we add and

subtract 2AV(—U) in Equation (5.4) instead of AV(—U) and repeat the previous steps, we
get:

FK(X) = 24V¢% (& + &61) + 2(1 — 24) RV (X + &6t , (5.11)
which can be discretized similarly,

FK®) = 24 Z W& 2R + 8600t +
i (5.12)
+2(1 = 24)(®) Z w(l& )b & + &80 6t .

Between these two options, we apply Equation (5.10) in our study since it is a
commonly used [16, 76, 94] form of the Kupershtokh et al. model.

In 2012, Gong and Cheng [83] investigated a proposition similar to the one above but
in the Shan-Chen model. The authors rewrote Equation (5.1) as:

Gc?
2

(5.13)

FSC(R) = —Ge2YpRVY(R + 6t)8t2 = — —> VP2 (X + &6t)8t2 .

Through adding and subtracting Gc2y Vst multiplied by a constant 8 in Equation
(5.13),

Gc?
2

(5.14)

FPR) = ——=2Vy2(X + ¢6t)6t2 — BGc2YR)VY (R + ¢6t)6t% +
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+BGc2YR)VY (R + &;6t)8t2 .

Recalling that ¥V = Vip2/2, the last term on the RHS of Equation (5.14) can be
rewritten. Consequently, the Gong-Cheng model, also called 3-scheme, is given by:

(1-p)Gcs
2

FPR) = -G @V (R + &6t)5t2 — V2 (% + &6t)5¢2, (5.15)

which can be discretized as follows,

B = ~pGepE) ) wlEIDWG + GGt +

, (5.16)
1-B)G
- %2 w(l& P2 R + &66)ESt .
Yang-He interaction model was similarly derived [73],
PR = —eGekp@ ) wlld PG +E60% 5t +
i (5.17)

—(1-¢) Z w(&I)UE + &66)86t,
i

where ¢ is the Yang-He parameter. The model presented spurious velocities, density ratio

range, and thermodynamic consistency only slightly better than the B-scheme [73].

5.3 Equations of State and thermodynamic consistency

Yuan and Schaefer [74] presented how to incorporate several EOS in LBM through
the pseudopotential methodology. In this way, general cubic EOS, such as Peng-Robinson
[74], van der Waals [51], Carnahan-Starling [8, 82, 97], and even EOS like CPA (Cubic-
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Plus-Association) [86, 98] can be introduced in the method. The non-ideal EOS given by
Equation (5.3) is rewritten as:

2[pX) — p(X)c2
DG j [p( G)Cgaptg el (5.18)

When the effective mass given by Equation (5.18) is substituted into the interaction
model, the parameter G cancels out. Only its sign, however, remains relevant to ensure that
the term inside the square root is positive [74].

Phase densities for a single-component system can be calculated from the Maxwell
equal-area construction rule and compared to densities obtained from LBM. Therefore, this
approach is often adopted to check the thermodynamic consistency of LBM multiphase
calculations [16, 17]. The Yuan-Schaefer's methodology naturally causes inconsistency [45]
because the pseudopotential model requires an appropriate i to achieve consistency, i.e.,
Y < exp(—1/p) [72]. Zhang and Tian, to avoid what they have characterized as an
unphysical methodology, have proposed to introduce the EOS through a modification in the
equilibrium distribution function [99]. Since their approach violates the Galilean invariance
[45], Yuan and Schaefer’s methodology stands as a practical step to introduce well-known
EOS in LBM. The consistency can be later enforced by adding some degrees of freedom in
the discrete forces [9, 83] or employing Li et al. forcing scheme [45].

The Maxwell construction imposes the following condition for a chosen EOS at a

given reduced temperature T,- = T /T,, where T, is the critical temperature:

pL

[ 190 = prost@av =0, (5.19)
Pv

where p,, is the vapor density, p; is the liquid density, p, is the saturation pressure, v is the
molar volume and pgos incorporates the expression of the chosen EOS. After some iterations,

we reach the equilibrium, py = Pros(pw, Tr) = Pros(p, T-), and, consequently, get the phase
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density values. The reduced volume is similarly defined as v, = p./p, Where p,. is the critical
density.

5.4 A unified multiphase model

Here, we propose a unified model that gathers the pseudopotential models displayed
in Section 5.2. We briefly demonstrate the association among the models in Section 5.4.1,
and we further compare the pressure tensors in Section 5.4.2.

5.4.1 Model proposal

It will be demonstrated that the B-scheme can be turned into the Kupershtokh et al.

interaction model. This is possible because i can be written as a function of U and vice versa,

o [2(p—pcd) 2 = (5.20)
lp(x)_\/ Gc2ot? _jGCEStZ e

Equation (5.20) can be substituted into Equation (5.15), and the B-scheme is now
given by:

FER) = 2BV URVWUR + §ot) — (1 — PVUG + &51). (5.21)
Recalling that ¢ = —U,
FPR) = —2Bp @iV + &60)i + (1 — PV (X + &6t , (5.22)

where i is the unit imaginary number (i? = —1), which gives:
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FP(%) = 2B0RVoE + &:6t) + (1 — FVP2 (R + &61) . (5.23)

Now, we must make the definition A + f = 1, which makes it possible to write

Equation (5.23) as follows,
FB®) = 2(1 — A)pR VP + &,6t) + AVH2(X + &,6t) = FX®) . (5.24)

Therefore, when it is assumed that A + § = 1, -scheme can be successfully turned
into Equation (5.24), the Kupershtokh et al. interaction model. We must note that the
parameters were initially adjusted in Section 5.5.1 without imposing this constraint in our
simulations, but their optimal values naturally converged to satisfy it. Hence, Kupershtokh
et al. model can be converted to B-scheme and vice versa. B-scheme can also be recovered
from the Yang-He model when we incorporate ¥ = y(U) and ¢ = . Consequently, the
small discrepancies the authors [73] observed between the models may be due either to
differences in parameter values or to numerical errors.

Given all the previous models, a last unified model can be written in continuous form

as.

FR) = - YGc2YE)VY (X + &6t)8t% +

1-Y)Gc? -
—#thz(i + ¢,6t)5t?,

(5.25)

where Y is the unified parameter whose appropriate value recovers the desired model:

1, Shan-Chen model
0, Zhang-Chen model
Y = {1 — A, Kupershtokh et al. model (5.26)
f, Gong-Cheng model
€, Yang-He model

79



Hence, the unified model groups the recurrent multiphase interaction forces in a
uniform format and emphasizes that these models, especially for the commonly identified
different models (i.e., Kupershtokh et al., Gong-Cheng, and Yang-He models), are, actually,
the same. This general equation might simplify future discussions and direct the reader to
tune only one parameter in only one multiphase interaction model.

The final unified discrete form, further detailed in Section 5.4.2, is:

FG) = —YGeip(® ) wg DG+ &g +
21 (5.27)
S G ),

where the simplification 6t = 1 is already considered. Note also that, Equation (5.9) is the
Kupershtokh et al. model recovered by ¥ = 1 — A, causing the relationship A+ =1 to
originate. If Equation (5.11) is recognized as the Kupershtokh et al. model instead, the

relationship must be rewritten as Y = 1 — 24, which provides 24 + f = 1.
5.4.2 Checking the pressure tensors

In this section, we compare the pressure tensors in discrete form. Shan, in his paper,
gave some attention to how to correctly calculate the pressure tensor and assure the exact
mechanical balance [100]. Instead of calculating it through Taylor expansion, the discrete

force is used in the definition of the pressure tensor P,

— (5.28)

where dA is an infinitesimal area element and dF is the interaction force through dA.
The force is integrated over a closed volume afterward. As a result, the pressure tensor

corresponding to the Shan-Chen model and 4th degree of isotropy is:
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G

PSC=_

2
ch X z WY + 4602685t (5.29)

Similarly, the pressure tensors corresponding to the 3-scheme and the Kupershtokh
et al. model with 4th degree of isotropy are, respectively,

BGcZz A o
PP = — > Y ZWB(|C1|2)1/J(X + ¢;6t)¢;0t¢; 0t +
i (5.30)
1-B)Gc?
_(#z wB (81292 (X + ¢6t)¢;6t¢6t,
| (5.31)

A - — - - -
+EZ WE([& D) P2 + 86086880t ,
i

where “B” and “K” in w(|¢;|?) identify the dimensions of the weights used in the B-scheme
and Kupershtokh et al. model, respectively. This distinction will be understood soon.
Making the substitution of Equation (5.20) into the Equation (5.30),

BT Z wB(&IDVUR + 800085686t +

1 =
w1 1 (5.32)
2 1-— ’
(8¢) +(2—’B)z WB(IEJZ)U(§ + EiSt)EithiSt
and reminding that ¢? = —U,
Bo(X) 2 wB(&12) (X + &6t)8;6te; 6t +
1 T
o - | (5.33)
2 1-
(61) _|_(2_'3)ZWB(|Ei|2)¢2(§+ C;6t)¢6tc; Ot
i
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Again, we must use the previous definition that A + f = 1, which turns Equation
(5.33) into:

- A)¢(§)Zw8(|a|2)¢(§ + 600686t +
' (5.34)

PB = TRV A '
Q) l +§ZWB(|31|2)¢2(§+ &66)86t8;5t
i

| I—

Since the weighting values are the same, i.e., |w3(|8i|2)| = |wX(|¢;|?)|, Equation

(5.31) can be substituted into Equation (5.34),

PK
_ (5.35)
Pf = GO?

Equation (5.35) shows the models are the same only when 6t = 1. This happens
because the discretized gradients of the models in the continuum form are different. To clarify
the relationship, note that the dimension (here, we use the notation [variable/parameter] to
declare the dimension of the variable/parameter) of the weight in the p-scheme is
[wB(|&|®)] = time?/length?, which can be deduced by recognizing that B is a
dimensionless parameter and [y] = [p] = mass/length3, inspecting [l_f] and [G] in
Equations (2.66) and (5.18), respectively, and finally discovering [w(|¢;|?)] in Equation
(5.16). On the other hand, the dimension of the Kupershtokh et al. weight is [wX(]|¢;|?)] =
1/length?, which can be deduced regarding that A is a dimensioneless parameter,
investigating [¢] in Equation (5.5) and then verifying [w(|¢;]?)] in Equation (5.10). Because
of [wB(|&1?)] # [wX(|&1?)], both Equations (5.31) and (5.34), and consequently, Equation
(5.35) preserve the dimensional homogeneity. Therefore, when A + 8 =1 and 6t = 1, we

check that PP = PK,
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5.5 Static droplet

In this section, we numerically demonstrate the results from the unified model that
ensure the connection between the models. The first benchmark is the stationary droplet

problem.
5.5.1 Methodology

We perform isothermal single-component phase transition simulations in a
200 x 200 periodic lattice. The droplet is initialized at the center of a convection-free
domain (x., y.) with radius Ry = 30 l.u. and interface thickness W = 3 l.u., as defined by

the following equation:

(5.36)

o) Eg B [tanh (2 V& =% + 7 = ye)* = RO) .

2 2 w

A hydrostatic domain is chosen for the droplet to capture the formation of any
spurious current in the system [78]. In this work, the Carnahan-Starling EOS with the van
der Waals attractive term (CSvdW EOS),

@ = peonr (FHIELDZTON e, 5:37)
Is inserted in Equation (5.18), where R is the universal gas constant, T is the temperature,
n=bp/4, a=0.4963R*T?/p., b =0.18727RT./p, and T, and p. are the critical
temperature and pressure, respectively. The CSvdW EOS is adopted to describe the phase
transition by settinga = 1, R = 1 and T, = 0.094 as in reference [45].

The initial densities of the vapor (p,,) and liquid (p;) phases are obtained from the
Maxwell construction (see Section 5.3) for each T,.. We implement BGK and D2Q9 models

with §x = 1 and 6t = 1, along with the fourth-order isotropy degree and the EDM forcing
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scheme to calculate interaction forces and insert them in the LBM approach. The relaxation
time is fixed as = = 0.95, around which the EDM stability begins to saturate [51].

We write our codes in C/C++ to ensure fast LBM simulations and calculate the
absolute values of the density differences after each 10* iterations for every fluid node. The
convergence criteria is |pz,; — p,;’t_104| < 1077, which is reached up to iteration ~ 10°,
depending on T;.. The illustrative images are produced using the open-access software GNU
Octave 5.1.0 [101]. The density results were compared to the Maxwell construction points in
the range of T, = [0.40, 0.95] with 0.05 increments. Following the procedure in [8, 9, 76,
83], the optimal fit for simulation points and the Maxwell coexistence curve is found for
A = —0.152 and B = 1.152. The value of A agrees well with the Kupershtokh et al. work
[9], but we expected a higher S like in the reference [102]. Nevertheless, our values are in

agreement with Equation (5.26) and reinforce the connection between the parameters.

5.5.2 Results and discussion

5.5.2.1 Numerical validation

The coexistence curve for each model is shown in Figure 19. Zhang-Chen model
delivers the most unstable simulations, as addressed in the literature [73, 83]. Before the
instability emerges at T, = 0.85, the relative error regarding the Maxwell construction
densities already reaches 19.2% in the vapor phase, which is 15 times higher than the average
error of the other models at the same conditions. Because of this narrow range of stability,
we will omit the Zhang-Chen model in the next discussions. Additionally, from our unified
model, we see that the B-scheme and Yang-He parameters are equivalent, i.e., f =¢.
Consequently, what is going to be said about the $-scheme will also be valid to the Yang-He
model.

Relative errors regarding the Maxwell construction densities for both vapor and liquid
phases are displayed in Figure 20. Although the Shan-Chen model is stable at low
temperatures, it performs worse than the others. The relative errors for the Shan-Chen model
are small in the liquid phase but nearly reach 100% in the interval T,. = [0.40, 0.50]. In fact,

for all the models, the vapor phase matching is worse than the liquid phase.
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Figure 19: Comparison of the Maxwell coexistence curve with the LB interaction models coexistence curves.
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Figure 20: Relative errors of the LBM densities in the (a) vapor and (b) liquid phases. The Maxwell
construction densities were considered as a benchmark to calculate the errors. Lines are plotted to help guide

the eye.

Since the vapor-phase density varies more with the parameter, we tuned A and 8 using

only the vapor densities from the Maxwell construction. For each T, we investigated the

parameter range that best matches the points, and we found that it is more limited at low
temperatures. Just exemplifying, when we reduce £ by 0.03 from its optimal value, the error
reaches 57% at T,. = 0.40 but only 5% at T,. = 0.80. Therefore, optimal parameter values
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should be chosen to minimize the deviations from the Maxwell vapor densities at low
temperatures. Since the optimal range is wide at large temperatures, we easily confirmed that
the adjusted values are suitable for the entire range.

Because of the extra parameters, the coexistence curve fits well for the Kupershtokh
et al. model and B-scheme. Figure 20(a) shows that the relative error in the vapor phase
decreases with temperature and is less than 10% in the interval T,. = [0.65, 0.95]. There is,
however, an outlier at T, = 0.45, which has a smaller relative error than the neighboring
points because the parameters tuned are closer to the required optimal values at T,, = 0.45.
In Figure 20(b), despite the Shan-Chen model yielding the greatest errors for the liquid phase
at temperatures above T, = 0.55, the differences among the models are negligible,
considering that the relative errors are less than 0.4% for the entire temperature range.
Although the parameters were set independently, the final coexistence curve is the same for
Kupershtokh et al. model and B-scheme.

Further investigation showed that other physical quantities also vary similarly
between the models. Figure 21 brings the spurious velocities changes with the temperature.
The maximum spurious velocities from Kupershtokh et al. model and B-scheme are also
similar. A cubic polynomial fit well describes the dependence on reduced temperature. All

three models show comparable spurious velocities when T,. is above 0.70. Below it, the
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Figure 21: Maximum spurious velocities versus reduced temperature for the interaction models considered.
Lines are plotted to help guide the eye.
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velocity from the Shan-Chen model increases faster and more disorderly. The top is reached
at T, = 0.40, when u,,,,/cs for the Shan-Chen model is approximately three times higher
than for the other models. In Figure 22, this difference in magnitude depends on the lattice
node location and that the maximum values emerge in no more than few areas near the
interface. Note also that the spurious velocities from Kupershtokh et al. model and p-scheme

are similar in every node of the domain.

() (b)

Figure 22: Location of the spurious velocities in the domain for (a) Shan-Chen model, (b) p-scheme and
Yang-He models, and (c) Kupershtokh et al. model.

Besides the spurious velocities, the method stability is also associated with the
interface thickness [77] and density ratio [74]. The EDM forcing scheme, the CSvdW EQS,
and the chosen relaxation time help keeping the method stable in a wide temperature range
of the simulations. In Figure 23, the interface thickness contraction, which immediately
happens at high temperatures, follows the temperature decrease. Here, we consider the
interface thickness as the lattice length between the different phases where the densities still
varying from the average bulk values. With the conditions used in this work, the stability and
the interface thickness behavior stay unaffected when varying the interaction models. The
density ratios achieved at T,- = 0.40, however, are different: 367885:1 (Shan-Chen model);
7488:1 (Kupershtokh et al. model); and 7549:1 (B-scheme).

The Shan-Chen model attains the greatest ratio, but the value strongly deviates from
the Maxwell construction (10534:1), as expected from Figure 19. Again, the Kupershtokh et

al. model and B-scheme come closest to the analytical solution. Although the density ratios
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from these last models seem to be different, the similar relative errors regarding the Maxwell
construction ratio (28.91% for Kupershtokh et al. model and 28.34% for B-scheme) show the
opposite. The explanation is that the differences are intensified when the ratio is analyzed,

even when there are small density variations.
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Figure 23: Interface thickness changes with reduced temperature for the interaction models considered. Lines
are plotted to help guide the eye.

5.5.2.2 Parameter improvement

The stationary droplet benchmark successfully validates the interphase models in
Section 5.5.2.1. As observed, the optimal parameters are dependent on T;., therefore, we now
propose A = A(T,) and B = B(T,) instead of tuning only one value for all T,. These
functions were found matching a second-degree polynomial curve to the optimal parameter
points, as presented in Figure 24. The succeeding results confirm that the six points used
were adequate to predict the functions and reduce the thermodynamic inconsistency. As the
ranges of optimal parameters are thinner at low T, the three smallest temperatures (i.e., T, =

[0.40, 0.50]) were considered to improve the fitting in this region.
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Figure 24: Polynomial fitting of the parameter values. Solid line (—): A(T,) = 0.870 T,? — 1.118 T, + 0.174.
Dashed line (—-): B(T,) = —0.870 T2 + 1.118 T,. + 0.826.

Since the Kupershtokh et al. and p-scheme models are interchangeable, we can
develop the parameter related to the stated functions as A(T,.) + B(T,.) = 1 and then choose
only one model to check the improvement. In this section, only the Kupershtokh et al. model
(26.95 iterations/s) is used because its computational performance was almost 2.5 times faster
than the B-scheme (11.33 iterations/s). This variation in computational time is due to
differences in implementation.

In Figure 25, we compare the relative errors of the Kupershtokh et al. model with the
fixed parameter A = —0.152 (say “fixed model”) and with A = A(T,.) (say “function
model”). In the vapor phase, Figure 25(a), the largest error of the function model is 7.50% at
T,- = 0.45, which is more than 5 times lower than for the fixed model. The relative errors are
less than 1.0% for T,. = [0.55, 0.90]. Below this range, the error increases because of the
large sensitivity of the densities related to the parameter value. The thermodynamic
consistency in the liquid phase, i.e., Figure 25(b), remains markedly good after the

improvement.
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Figure 25: Comparison between the density relative errors using Kupershtokh et al. model in the (a) vapor and
(b) liquid phases. The Maxwell construction densities were considered as a benchmark to calculate the errors.
Lines are plotted to help guide the eye.

In Figure 26, spurious velocities and interface thickness are plotted to check if the
parameter improvement affects these quantities. The performance of the spurious current
changes slightly, reaching the top at T, = 0.40, when 1,4, /cs = 0.500 (16.55% larger than
for the fixed model). Conversely, there are no critical changes in the description of the
interface thickness. The method preserved the stability in the same evaluated range by

employing parameter improvement.
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Figure 26: Changes in (a) maximum spurious velocities and (b) interface thickness with the reduced
temperature for the Kupershtokh et al. model. The lines are plotted to help guide the eye.
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5.6 Droplet oscillation

Now, we validate the dynamic behavior of the unified model. In this benchmark, an
elliptic droplet is initialized in the center of a convection-free domain. The attractive
interactions inside the liquid phase cause oscillations in the droplet shape until it reaches the

equilibrium spherical format.
5.6.1 Methodology

We implement the same procedure described in Section 5.5.1, but R, is now a
function of the space to provide the elliptical configuration, i.e., R = (x — x.)? +
(y — y.)2. If y is specified, x is calculated (or vice-versa) from the standard ellipse equation,

which reads for a horizontal ellipse:

r—x)* O —y)* _ 1 (5.38)

ernax R;in
where R, and R,,;,, are the maximum and minimum radius of the ellipse.

The analytical solution considered here to track the droplet radius R,; at an angle 8
with the horizontal axis is, for a bidimensional domain [103]:

2
Roi(6,t) = Req <1 + &, cos(nf) — %) , (5.39)

where R, is the final equilibrium radius, &, = £,(t) <1, and n is the mode oscillation (n =
2 for an initial elliptic droplet). We set Ry,qx = R (6 = 0,t = 0) = 45 L.u. and R., = 38
l.u. From Equation (5.39), we find &,,(0) = 0.19 and R,,;,, = 30.29 l.u.

One can classify the damping regime as overdamped (4;, > 0), critical (A}, = 0), and

underdamped (45, < 0), depending on A},
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Ny = 22— Wl . (5.40)

For a bidimensional domain,

2n(n—1
2 = # , (5.41)
leeq
nn—1)n+ 1y,
Onp = J ! s (5.42)
leeq

where y; is the shear viscosity of the liquid phase and y; is the surface tension.

We perform the Young-Laplace test for T,. = [0.50, 0.70, 0.90] to compute y,. We
initialize a spherical droplet with three different radius R, = [30, 45, 60] following the same
procedure in Section 5.5.1, and apply Y =Y (T;.) as suggested in Section 5.5.2.2. The
pressure drop between the phases must present linear dependence with the inverse of the

spherical droplet radius R, regarding the Young-Laplace law:

5p =1 (5.43)

5.6.2 Results and discussion

Figure 27 reveals the Young-Laplace test. Shan-Chen, -scheme (or Yang-He), and
Kupershtokh et al. models yield similar outcomes, including for T,- = 0.50, where the Shan-
Chen model reaches massive errors for the equilibrium vapor densities (see Figure 20(a)).
Zhang-Chen model also recovers the Young-Laplace law for T,, = 0.90, but the points differ
from the other models. Evidently, the Young-Laplace tests employing the Zhang-Chen model
for T, = 0.70 and T,- = 0.50 were impracticable due to numerical instabilities. We obtain y,
as the slope of the lines from the linear regression: y, = 0.0025 l.u. (T, = 0.90), y, = 0.0154
l.u. (T, = 0.70), and y;, = 0.0334 lL.u. (T;- = 0.50).
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Figure 27: Young-Laplace test for the interaction models considered at T, = [0.50, 0.70, 0.90]. Lines are the

linear fit of the points.

The surface tension contribution governs the dynamics of the problem over the

viscous forces for the three T, considered, i.e., A;, < 0. In this case,

en(t) = enmaxe Mt cos(y/—AL t + ) (5.44)
where,
. 2
Enmax = |£3(0) + (8”(07_%8"(0)) | (5.45)
(5.46)

¢, = atan (—

£,(0) + Anenm))
NONBYE

The reader can find the equations for the other two types of damping regimes in

reference [104].
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Figure 28 shows that the LBM with the unified model matches the analytical solution,
i.e., Equation (5.39), well and successfully demonstrates the behavior of the underdamped
regime, in which the radius of the droplet oscillates with a decaying amplitude until it reaches

equilibrium,
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Figure 28: Time evolutions of the elliptic radius for 8 = 0 at (a) T,. = 0.90, (b) T,, = 0.70, and (c) T;- = 0.50.
The points were collected at each 200 time steps. We accepted &,(0) = 0 to achieve the analytical solution.
We compute the first period of oscillation as Ty, o = 2m/wy . Figure 29 reveals that

the numerical periods are in good agreement with the analytical ones, achieving relative
errors lesser than 3.65% regarding the analytical solution. Figures Figure 28 and Figure 29

also demonstrate that the temperature notably affects the first amplitude and the period. This
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influence is because these quantities depend on the surface tension, which is dictated by the

temperature.
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Figure 29: Comparison between the analytical and the simulated initial periods. The lines are plotted to help guide
the eye.

Figure 30 presents the velocity maps outside and inside the droplet for T,. = 0.50. We
separated each time step (¢/T,, = [0.23, 0.52, 0.80]) into these two cases because the
velocity magnitudes inside the droplet are much smaller than outside, hindering the clear
visualization of the vector directions if the cases were sketched in only one velocity map.
The velocity fields inside the droplet are similar to the results obtained via finite element
methods in reference [104].

A few moments after starting the simulations, at t/T,, , = 0.23, the attractive forces
that gather the liquid phase breaks the initial elliptic format to converge the droplet to a
spherical shape. This shape adjustment causes the velocity field outside and inside the droplet
to rise consistently with the droplet movement, mainly in the axis directions.

At t/T,, = 0.52, the droplet already reached its maximum rearrangement and just
started contracting again (see t = 1100 in Figure 28(c)). The velocity field inside the droplet
is the opposite of the previous step, in agreement with the droplet movement again. However,
the velocity vectors outside the droplet stand in the same direction in the central axis lines,

asat t/Ty = 0.23. The maintenance directions in the exterior field are a consequence of the
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droplet contraction in the beginning. Hence, to guarantee physical coherence, the velocity

magnitudes rise in the diagonal regions (red dotted square) of the droplet. Nevertheless, we

(@) /Ty = 0.23 and Uppg,/C = 0.21 () t/Tpo = 0.23 and Uppg,/C;s = 0.07

;;;;;

\\\\\

(€) t/Tpo = 0.52 and Uppg,/c; = 0.04

(€) t/Tp0 = 0.80 and Uy /C5 = 0.19 () t/Tpo = 0.80 and Uypg,/C = 0.04

Figure 30: Velocity maps outside (cases (a), (b) and (c)) and inside (cases (d), (€) and (f)) the droplet for T, =
0.50 at t/T, , = [0.23, 0.52, 0.80].
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must highlight that, at 7,, = 0.50, the maximum spurious velocities outside the static droplet
observed in Figure 21 present magnitudes (u,,4./cs = 0.2) close to the values seen in Figure
30, becoming impossible a reliable analysis outside the droplets.

Lastly, at t/T,, o = 0.80, the velocity vectors inside the droplet contradict the droplet
movement direction (contraction in the vertical axis). This situation also rises in intermediate
stages between t/T,, = 0.23 and t/T,, = 0.52, which we understand as an unphysical

deceleration source of the droplet due to the attractive forces inside the liquid phase.

5.7 Conclusions

The LBM is becoming a popular choice among engineers to simulate multiphase
flows because of its simple interface descriptions. Here we propose a unified model to group
five multiphase interaction forces of the pseudopotential approach widely used in the
literature: (i) Shan-Chen, (ii) Zhang-Chen, (iii) Kupershtokh et al., (iv) Gong-Cheng, and (v)
Yang-He. Although these models are usually considered independent, we have shown that
they fall under this more generic single-parameter model. Following careful algebraic
manipulations, all these models could be interchanged, and a correlation among their
parameters was established. Furthermore, the unified model can make future works more
concise and facilitate comparisons between the multiphase interaction models, since they
would direct the reader to only one model and tune only one parameter (Y instead of 4, 8 or
€).

We numerically validated the models and demonstrated their performance through
two benchmarks: the isothermal stationary and oscillating droplets, both involving a single-
component phase transition. The results support what is already addressed in the literature:
the extra degree of freedom of the last three alternative models compared to the original
Shan-Chen model allows them to mitigate artificial effects in the simulations, such as
spurious currents and thermodynamic inconsistency. The interface thickness remained

unaffected when the models were varied. The similar density relative errors, spurious
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currents fields and magnitudes, interface thickness, and density ratios corroborated the
interdependence among the models.

We also observed that even when the parameters are modeled as explicit functions of
the reduced temperature, T,., simple correlations among the different models remain valid.
The inclusion of this temperature dependence improved the thermodynamic consistency
without significant losses of stability or increases of spurious velocities and interface

thickness. In the dynamic benchmark, the unified model matches well the analytical solution.
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Chapter 6

Preferential paths of non-Darcy flow

Multiphase conditions are certainly omnipresent in several engineering problems, but its
modeling in porous media flows is memorable, mainly because of the petroleum and gas
extractions in geological reservoirs. We intend, in the future, to incorporate in porous media
studies the unified pseudopotential multiphase model investigated in Chapter 5, but for now,
we test an implementation of a single-component fluid flow through an artificial porous
media. Hence, Chapter 6 addresses the last part of this dissertation: the LBM performance in
porous media flow. Here, we consider a preferential flow problem to understand better the

LBM implementation issues in complex geometries.
6.1 Introduction

Understanding fluid flow in porous media and mathematically describing its
dynamics are still current challenges in research. The relevance of the problem is evidenced
by several areas of application, such as EOR in the oil industry [105, 106] and geological and
environmental studies [107, 108]. In many cases, one is particularly interested in determining
the preferential paths of the flow, which are defined as the higher flow rates in specific
sections of the matrix, such as fractures and fingers [109].

Knowledge of the preferential flow allows for the design of microfluidic devices [110,
111], control, and targeted delivery of chemicals [112] and microbes [113], with potential
applications in pharmaceutical industries and farming. In soil sciences, preferential flow
influences the aeration [114] and contamination of soils [115], and also the formation of
subsurface stormflow [116], which causes urban flooding and erosions. Additionally,
reservoir oil displacement is optimized when preferential paths are contemplated [117], e.g.,
through micro- and nanoparticle control [118] in EOR. Hence, an advanced understanding

99



of the preferential flow dynamics could help develop a theory and spread its applicability in
diverse problems.

Preferential flows have several causes, including (i) topological features (e.g.,
presence of macropores [119] and differences in pore configurations [120]), (ii) physical and
chemical properties of the fluid and solid phases along with their interactions (e.g., spatial
variability of matrix properties [116], capillarity and surface tension effects), and (iii) flow
dynamics (e.g., unstable wetting front [121]). Because of the complexity of the problem,
researchers have usually investigated each contribution to establishing their relative
importance. Regarding the influence of topology, some authors have identified critical
geometry factors for better predictions of the preferential flow, like tortuosity [122], channel
size, and pore-to-pore alignment [123].

Ju et al. [19] recently proposed and validated a tortuosity-dependent model derived
from the Darcy law to predict the preferential trajectories in porous media. However, the
geometry features have been mostly restricted to creeping flows with extremely low
Reynolds numbers (i.e., the flow rate is a relevant factor [124]). Since the preferential flow
depends on several aspects, the current literature still lacks a unifying or generalized theory
to determine it [125].

Some works experimentally evaluate the preferential paths through tracer tests [124,
126] or measurements of isotope signatures [127, 128]. However, experimental investigation
of preferential flows is often problematic because it causes clogging and interferes with the
flow patterns [129], decreasing permeability [130] and changing the outlet pressure [131].
Hence, a helpful alternative is the use of theoretical modeling and simulation.

Depending on the length scale, there are two major modeling approaches for porous
media flow: the Representative Element Volume (REV) [132] and the Pore-Scale [133]
approaches. The macroscopic properties (e.g., permeability) and continuum models using
standard computational fluid dynamic tools characterize the REV simulations. With its
connections and discrete models at a microscopic level, the proper matrix is treated in Pore-
Scale simulations [3]. REV is easy to implement but uses semi-empirical models (e.g., drag
forces), oversimplifies the descriptions, and fails to provide local information about the flow,
which is crucial for preferential flow determination. Pore-Scale is precise and detailed, but it

is also computationally expensive [3, 4].
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LB emerges as a powerful and computationally efficient method to model flows
through porous media [4]. Rothman [134] presented one of the first works about LBM in
porous media flow. Since then, several works applying LBM have appeared in the literature,
e.g., the effects of pore configuration in the flow [135, 136], non-Darcy flow description
[137], thermal flows modeling in porous media [138], multiphase flows [139], and so on [3].
REV-LBM, the most popular approach in the literature, represents the porous media through
a resistance field model [4]. One successful example is the Guo-Zhao model, which proposed
adding the porosity and a forcing term in the LB methodology [140]. Nevertheless, it still
relies on macroscopic empirical models, and it is unsuitable for the preferential flow
determination problem.

Hence, in this work, we use the Pore-Scale LBM simulations to investigate the
geometry and topological effects of the matrix on the preferential flow configuration. First,
we validate the Pore-Scale LBM by showing that the numerical results accurately recover
the Forchheimer empirical model. Next, focusing on such systems still in the laminar regime
but distant from creeping conditions, we show that the Darcy resistance model proposed by
Ju et al. [19] becomes unreliable. Besides tortuosity, the grain shape and relative orientation
also become relevant topological features of the problem. Finally, the Pore-Scale LBM
approach demonstrates that clogging of specific pores may obstruct several unclogged pores,

creating dead zones (zero flow) in the porous media.

6.2 Theoretical description

6.2.1 Physical properties

Reynolds number (Re) is a dimensionless parameter frequently used to identify the
flow regime type by recognizing the balance of inertial and viscous forces. Especially for
flows through porous media, Re can be defined using the Blunt diameter as the characteristic

length (1,),
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Re — , (6.1)

[, =—2 (6.2)

where u is the shear viscosity, U is the macroscopic velocity, p is the macroscopic density,
I, is the total volume of the porous media, and A,, is the wetted surface [122, 141].
Additionally, some relevant physical properties characterize the porous media, as
permeability, porosity, and tortuosity. The permeability K measures how easy it is for any
fluid, independent of its properties, to percolate the porous pattern. It is generally associated
with the fraction of space without solids in the matrix, i.e., the porosity or voidage [142].
Among different types of porosity, we can identify the overall porosity (¢,) as the ratio

between the void (V;,) and bulk volumes (V) of the porous media [143],

Vs
b0 =, (63)
Vb

and the effective porosity (¢,) as the fraction that quantifies only the regions with volume

Vriow that cooperate with the flow [122],

_ Vflow

be =

(6.4)

Although the permeability and porosity are related to the flow magnitude, in this
work, we consider the tortuosity 7., as the most crucial matrix property to predict the
preferential flow. It measures how sinuous the trajectories are inside a porous medium and
can be defined as t;,,+ = L./L, where L, is the sinuous length through the porous structures,
and L is the linear distance from inlet to outlet of the media [144]. The reader will better

understand the relevance of this geometrical parameter on preferential flow in Section 6.2.2.
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6.2.2 Governing equations in porous media

In systems described by small Re (i.e., Stokes or creeping flows), only viscous forces
control the flow [142, 145]. In this case, the velocity is directly dependent on the pressure

drop and inversely dependent on the matrix length, as suggested by the Darcy law,

U . (6.5)

Equation (6.5) is the most straightforward equation for modeling one-phase flow in
porous media. Its integral form evidences more clearly the effects of the pressure p and the

porous media length Lp,, to the velocity flow,

-

K ép
[u] = —-—

=— . 6.6
K Lpy (6.6)

Because the velocity must be inversely dependent on the flow resistance Gy, We
can define Gso, = uLpy /K [19]. Given, however, that the permeability of the matrix is

usually a function of tortuosity [144, 146], the flow resistance through a uniform cross-

sectional area can be written in the following form,

Gflow = C:uLPMTLgort ’ (6.7)

where C is a constant related to the chosen permeability model. Here, we identify Equation
(6.7) as the Ju et al. model, since it is similar to the Darcy flow resistance equation derived
in their work [19]. When modeling a specified fluid through settled porous structures, the
fluid and matrix properties are fixed. Consequently, the flow resistance is only dependent on
the tortuosity. In these conditions, small tortuosities (i.e., small flow resistances) indicate the
preferential paths of the porous medium.

As the flow rate increases, the inertial forces become more and more accentuated,

causing regions of greater Re to arise and disabling the application of the Darcy law. In this
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case, the Forchheimer equation is a semi-empirical model that seeks to describe the further
complexity of flow through porous media for systems with larger Re. The resistance, hence,
admits contributions from both viscous forces (first term) and inertial forces (second term)
[145],

N K
—p=t (1 +ﬁF5 |ﬁ|)ﬁ, 6.8)

I

where B is a constant which, despite some model proposals to predict it [147], is usually
obtained empirically. The Forchheimer equation recovers the Darcy law at small Re when
the second term is much smaller than the first term, i.e., when BrpK|[u|/u < 1. Thus, it is
convenient to give a proper name to this dimensionless term: the permeability Reynolds
number Reyx = BrpK|u|/u. Hence, when Rey « 1, the inertial contributions become
unimportant, and the Forchheimer equation reduces to the Darcy law [145, 148].

Again, to inspect the dependency of the velocity with the pressure gradient, the

Forchheimer equation can be rewritten in a more attractive form when we define the apparent

permeability K, = —u[d|/|Vp| [149],

1 1 u
_ 1, Beplll 69)
Kopp K 7

which provides a linear relationship between the velocity U and 1/K,,,, [150].

6.3 Methodology

Here, we consider an artificial square porous media of length Lp,, = 1mm, as shown
in Figure 31. To work with paths with similar areas but also with irregularities and sudden
flow changes, we generated the porous structure from a freehand sketch and further converted

it into a binary file (366 x 366), which became the numerical simulation input. Water at
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25°C (p =0.997 g/cm® u=0.890cP, and k = 2.4 cP [148]) was initialized as a
stationary fluid. The single-component flow was ensured by ten pressure drops equivalent to

different heights of water column H = [2 m, 20 m] with 2 m increments.

X

y[ Wm
‘5 "I-"\-

= R‘ ,4
R
w

0.5L,, Eose " 0.5L,,

Figure 31: Simulated domain with artificial porous media. White and black areas represent, respectively, fluid
and grain regions, while Lp,, is the length of the porous medium.

Outlet

—

The LBM was implemented with dx = 1, 6t = 1, and the D2Q9 model with no
additional forces. Again, we write our codes in C/C++ to ensure fast LBM calculations. The
illustrative images are produced using the open-access software GNU Octave 5.1.0 [101].
We considered p = 1 to adopt the periodic condition with pressure variation in the open
boundaries (inlet and outlet in Figure 31). When velocity waves reached x = 2Lp,, (Figure
32), the simulations were interrupted to prevent the outflow from affecting the inlet of the
porous media. At this stage, the velocity profile inside the porous media has already
converged.

Given that fluid properties are assumed constant, and the minimum areas of each
channel are considered similar, only the tortuosity governs the preferential path. Therefore,
we used Equation (6.7) to investigate the preferential flow and compare initial predictions to
simulation results. Since the preferential paths coincide with the channels that develop the
highest flow velocities [124], we measured the main paths by evaluating the velocity field.

Figure 33 enumerates pores and outlets for identification, while Table 2 lists a few

specific routes in the matrix. The overall route is identified with the notation “number-letter”,
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where the number is the inlet, and the letter is the outlet. From Equation (6.7), the smallest
resistance G (smallest 72,,..) reveals the preferential paths (in red) for each overall route. The

tortuosities were calculated by evaluating the proportion t;p,+ = Lo/Lpy-

(2) (b)

Figure 32: Simulated velocity field for varied heights of water column: (a) 2 m, (b) 8 m, (c) 14 m and (d)
20 m.

Figure 33: Identification of the nodes, inlets and outlets in the considered porous media.
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Table 2. Investigated paths from the given porous media. The preferential paths predicted from Equation (6.7) are in red. The numbers and letters are established

in Figure 33.
Paths T2t Paths T2t Paths T2t Paths T2t
1-A 1-C 25-E 42 -H
1-2-4-5-6-8-A 117 1-2-4-5-6-22-23-C 142  20°26-27-29-30-33- ,,; 42-43-44-47-55-56 4 .o
34-E -57-H
1-2-4-5-7-8-A 117 1-2-4-5-7-22-23-C 142 25-F 42'43’_'524_'5‘7‘7_'H48'49 1.48
1-3-4-5-6-8-A 1.17 1-3-4-5-6-22-23-C 14p 25°26-27-29-30-31 131 42-52-54-55-86-57 4
-32-51-F -H
1-3-4-5-7-8-A 117 1-3-4-5-7-22-23-C 142 42-F 42'52'531'H55'56'57 1.44
1-2-15-17-11-8-A 147 1-2-4-5-11-19-20-23 42-43-44-45-46-31- | .. 42-43-54-55-56-57 ..
-C 32-51-F -H
1-B 1-3-4-5-_1%:-19-20-23 1.42 42-43-4;1;1'7:-48-49- 135 42-43-53_-H55-56-57 152
1-2-4-5-6-22-23- 1-2-15-17-19-20-23- 42 -43-44-45- 46 - 48 - 42 - 43 - 44 - 47 - 48 - 49
5 1.40 c 1.37 Je e 1.55 - 1.24
1-2-4-5-7-22-23- 1-3-15-17-19-20-23- 42 - 43 - 44 - 45 - 46 - 47 42 - 43 -44 - 45 - 46 - 48
B 1.40 c 1.37 48-49-51-F 1.65 49-50- H 1.52
1-3-4-5-6-22-23- 1-2-15-18-19-20-23- 42 - 43 - 44 - 45 - 46 - 47
B 1.40 c 1.42 25-G _A8-49-50- 1.55
1-3-4-5-7-22-23- 1-3-15-18-19-20-23- 25-26-27-29-30-31
B 1.40 c 1.42 37-51.0 1.35 42 -1
1-2-4-5-11-19-20 1-10-12-13-18-19-20 42 - 43 - 44 - 47 - 48 - 49
53-8 1.42 3. 1.57 42 -G E6-57. | 1.42
1-3-4-5-11-19-20 42 - 43 - 44 - 45 - 46 - 47 - 42 - 43 - 44 - 47 - 55 - 56
. 1.42 25-D 48-49-51-G 1.53 57 1.30
1-2-15-17-19-20- 25-26-27-29-37-40-41 42 - 43 - 44 - 45 - 46 - 48 - 42 -52 -53-55-56-57
o 1.35 o 1.42 P 1.44 N 1.39
1-3-15-17-19-20- 42 -43-44-45-46-31 - 42 -52 -54-55-56 - 57
93.B 1.35 25-E 3951 -G 1.39 0 1.39
1-2-15-18-19-20- 0 25-26-27-29-37-40-41 g 42-43-44-47-48-49-  ,  42-43-53-55-56-57 .
23-B -E 51-G -1
1-3-15-18-19-20- 25-26-27-29-37-40-33 42 - 43 -54 - 55 - 56 - 57
3B 1.40 34 1.39 0 1.46
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The lattice volume correspondent to a node at (x,y) with an axial lattice velocity

| > 0.0005 l.u.= mean velocity/2 is taken as V,, for the effective porosity

|ﬁ)Xnode

calculation. That is,

2 Vo Ny
0 Z"g beey) (6.10)
b

where N, and N,, are the total numbers of lattice nodes in the x and y directions, and b(x, y)

is a Boolean variable (b(x,y) = 1if [y, 4| > 0.0005 L.u., or b(x,y) = 0 otherwise).

6.4 Results and discussion

6.4.1 Preferential paths through porous structures

The ten heights studied generated a Reynolds range of Re = [55.4,274.2]. Some
recirculation zones are seen in Figure 32, which are related to the transition between porous
and non-porous regions and the isolated grains near outlets D and G. Their magnitude and
location behind the porous media vary with pressure. This emphasizes that there are
substantial modifications to the flow dynamics in this region, which has also been recently
observed and reported in the literature [151].

To validate the LB-MRT method with the Pore-Scale approach, we plotted in Figure
34 the relationship between the inverse of the apparent permeability (K,,,) and the average
velocity for the ten initial cases studied here. A linear regression of the data shows that the

method recovers the linearized Forchheimer equation (1/K,,, = (0.72 [d| + 1.37)10'°)

with a strong correlation (R? = 0.998) and a permeability of K = 0.76 A2. Additionally, the
Blunt diameter and the overall porosity are, respectively, [, = 0.08 mm and ¢, = 0.45, while

the effective porosity fluctuates around ¢, = 0.34.

108



3.70

O
9
3.30 - 9]
- O
6'! d
E 290 O
= O
v&250 O
e d
— ,O
,/
2.10 - jO)
4
/,
1.70 o) : . . ' '
05 10 15 20 25 30 35
u (m/s)

Figure 34: Linear regression of the calculated points (circles) with the linearized Forchheimer
equation (dashed line): KL = (0.72[u| + 1.37)10° with R? = 0.998.
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Having established the matrix physical properties and flow characteristics, the
discussion about preferential flow will focus on a sample case at H = 10 m with Rey =
1.11~1, which suggests that the inertial forces contribute to describing the flows in our
simulations (Forchheimer regime).

The flow profile for H = 10 m (Figure 35) confirms that most paths agree with the
theoretical prediction in Table 2. However, the overall paths 1-B and 1-C are different from
the predicted results since pore 15 would be preferred (Table 2) because of its lower
tortuosity. Instead, in the simulation, the velocity field indicates that the path 1-2-4-5-6/7-22-
23-B/C, and, consequently, pore 4, is preferred. Next, 22 is the pore chosen to get to the
outlets B or C, unless the velocities in pore 15 had been higher than in pore 22. Because path
1-A locally presents the smallest flow resistance (i.e., path 1-A is preferred in the top region
of the matrix), the associated velocity field affects the overall paths 1-B and 1-C and changes
the pore preference. Indeed, the grain pattern also plays a role in this scenario, but the

configuration effect is more easily observed in pores 2 and 3, as discussed next.

109



u (m/s)
12.0

10.0

18.0

16.0

4.0

2.0

0.0

Figure 35: Velocity field of the flow simulation for H = 10 m in the original porous media.

Figure 35 indicates that pore 2 is favored in path 1-A, but Equation (6.7) was
incapable of discerning which pore (2 or 3) is preferred. One could argue that the channel
area (neglected in the calculation) is the reason for this discrepancy. However, the number
of lattice nodes is equal in both pores, i.e., the smallest areas that delimit the flow are the
same. Thus, the resistance expressed by Equation (6.7) indeed depends only on the tortuosity.
Since the tortuosity of both channels is also similar, it is the grain shape that influences locally
the pore that is preferred.

Thus, a controlled flow configuration sketched in Figure 36(a) was simulated to
investigate the importance of the local shape. The artificial pore region has a solid triangle at
the center with length L = 100 lattice nodes. The two dashed rectangles in Figure 36 (b)
indicate regions with the same lattice area of 3L/5, through which the fluid must stream and
where the velocity magnitudes can be compared. Although Equation (6.7) predicts that the
path under the triangle (z2,,, = 1.13) is favored rather than the one above it (t2,,, = 1.28),
Figure 36(b) shows that the velocities are higher in the dashed rectangle at the top. Thus, the
route above the triangle is favored.
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Figure 36: Flow simulation through a rectangular pore with a triangle with length L in the center. The sketch
is presented in (a), where the solid (—) and dashed (—-) lines are the shortest paths passing under and above
the triangle, respectively. The flow is presented in (b), where the white rectangles specify the two regions
that have the same area.

Therefore, both the pore configuration and its orientation relative to the velocity
profile are crucial to determining which path will be chosen, even in the laminar regime.
Additionally, some small recirculation zones can emerge in the pore due to entrainment, jet
effects, and transitional regimes, affecting the preferential paths. These drawbacks make
Equation (6.7) unviable to predict the preferential flow in the Forchheimer regime accurately,
but it is sufficient to discern what are the main possible trajectories.

6.4.2 Flow with clogging

Finally, we obstructed some sections of Figure 33, as seen in Figure 37(a) and (b),
and simulated the flow again. When A is blocked, the path 1-2-4-5-6/7-22-23-B/C is
preferred. This reinforces what was previously discussed: pore 15 is disfavored, rather than
pore 4 when 1-B/C is the overall path considered. Although A is the preferential outlet at the
top of the matrix, the flow in the neighbor routes keeps slightly unchanged when A is closed.

On the other hand, when E is obstructed, many routes have their flow locally changed.
The flow through connections 33-34 and 33-40 almost disappears, while also decreasing in
40-41. Although D would perhaps be the intuitive path for being the nearest outlet, both
simulation and theory indicate that this path is not preferred. Instead, F and G are the

preferential outlets when 25 is the inlet.
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Figure 37: Velocity field of the flow simulation with H = 10 m and the outlets (a) A and (b) E closed.

Figure 38 also gathers a set of closed pores. We demonstrated before that pore 4 is
favored rather than pore 15. However, pore 4 is blocked in Figure 38(a) and pore 15 is now
favored. Even so, the connection 15-17 is still disfavored to reach outlets B and C. The flow
is ensured in the connection 15-16, and, then, keep the preferred path to attain A.
Alternatively, if we try to close pore 5, as displayed in Figure 38(b), the flow shrinks in pore
15, raises in 16-17, and prefers connection 17-11-7 to get to the outlet. Again, these results
disagree with those in Table 2 and disqualify the Equation (6.7) prediction ability for the
Forchheimer regime since the flow chooses to stream through a higher tortuous path (17-11-
7) rather than take path 17-19-20.

Next, pore 32 is closed in Figure 38(c). This case validates that the velocity fields in
the connections 49-51 and 49-50 are similar, as expected from Table 2, since the overall
preferential paths 42-G and 42-H present comparable 77,,.. Because of pore 32 being
obstructed, the flow in 31 and 51-F shrinks, which demonstrates that the outlet F drastically

loses its applicability because the main contribution to the flow in F comes from pore 32.
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Figure 38: Velocity field of the flow simulation with H = 10 m and the nodes (a) 4, (b) 5, (c) 32, (d)
51 and (e) 58 closed.
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If pore 51 is obstructed instead, not only F loses its utility but also G, as observed in
Figure 38(d). This case illustrates the formation of dead zones near the obstructed pore. Since
the flow is close to zero in these regions, it could, e.g., reinforce the surface runoff in soils or
even influence the displacement of oil in geological reservoirs. On the other hand, we can
also note in Figure 38(d) that 31-32-33-34 is a critical path to reach outlet E from pore 46.
Similarly, the obstructed pore 58 in Figure 38(e) indicates that the connection 43-44 is
preferred rather than 43-54/53, which ensures 42-43-44-47-48-49-50-H is the preferential

path from pore 42, in agreement with Table 2.

6.5 Conclusions

Preferential flow is a phenomenon that affects a vast range of problems and needs to
be better understood. Because of the attractive advantages of LBM in the Pore-Scale
approach (e.g., straightforward no-slip boundary conditions and absence of empirical
models), LB is an inviting method to model the flow in porous media and search for
preferential pathways. A typical and simplified numerical way to predict these paths is
through the geometric investigation of the matrix. Hence, in this work, we tested the Ju et al.
model, a tortuosity-dependent resistance model, to measure the preferential paths in a non-
Darcy flow through an artificial square porous medium.

LBM naturally recovers the Forchheimer equation for the established range of
Reynolds. The Ju et al. model successfully indicates many preferential paths, but its accuracy
is more substantial for Darcy flows. This deficiency is related to the inertial effects in the
Forchheimer regime, which the model does not contemplate. Therefore, geometric
characteristics like grain shape and pore-to-pore alignment (deflections of the paths) are
highlighted features to describe this kind of flow. When clogging occurs, the divergence of
some predictions is more noticeable. Additionally, depending on the position of the blocked
pores, the flow configuration can change locally, the preferred paths can be modified, and
other unblocked pores (common neighbors of the blocked pore) may become useless for the

flow, which originates dead zones in the matrix.
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Chapter 7

Final remarks

Chapters 3, 5, and 6 address the three independent parts of this dissertation. In this chapter,
we present a brief overview of them and suggest some future relevant LB outlooks. The
reader, however, finds more specific details about the concluding remarks in Sections 5.7
and 6.5.

7.1 Work contributions

Initially, in Chapter 3, we meticulously prove through asymptotic analysis that the
continuity and the Navier-Stokes equations are recovered from BGK-LBE for low Ma. As a
result, Chapter 3 stands as a didactic and reliable section to demonstrate the transport
equations derivation and master mathematical analysis to test LB models. The connection
between the mesoscale modeling and the macroscopic properties is ensured through the
relaxation time and the kinematic fluid viscosity.

In Chapter 4, we validate our computational implementation by demonstrating two
frequent benchmarks (the Couette and square-cavity flows) and used the algorithm as the
base for the LBM implementation in the consecutive sections. Then, Chapter 5 proposes and
validates the unified pseudopotential model, making future works more concise and
facilitating comparisons between the multiphase interaction models. Depending on the
parameter, we demonstrate the unified model recovers the (i) Shan-Chen, (ii) Zhang-Chen,
(iii) Kupershtokh et al., (iv) Gong-Cheng, and (v) Yang-He models. The unified parameter
is explicitly expressed as a function of the reduced temperature, causing a higher
thermodynamic consistency.

To implement the unified model in further multiphase works, we consider an

independent preferential flow implementation as a starting point. Chapter 6 carries out an LB
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Pore-Scale approach to explore preferential paths, from which the Forchheimer equation is
recovered. The evaluated Ju et al. model predicts many preferential paths correctly, but the
grain shape and relative orientation decrease its accuracy when inertial effects are relevant.
Furthermore, clogging affects the flow locally, changes the preferential paths, and creates
dead zones in the porous media flow.

Finally, LBM presents some advantages (e.g., parallel performance and
straightforward boundary conditions) that make it suitable for various engineering problems
and justify its progress in several areas. This dissertation is an example of how valuable the
LBM is to reproduce multiphase problems and flows in complex geometries. We hope this

work can help to develop the method and to attract attention to the mesoscale modeling.

7.2 Future works

We aim to develop further applications of the unified model in relevant multiphase
problems and investigate its stability in a three-dimensional domain. We expect to model the
porous media flow in a real matrix, incorporating multiphase flow (e.g., EOR), mixing, fluid-
structure interactions, and heat transfer. We highlight some other pertinent LBM outlooks
that we are interested in, such as:

= the insertion of more robust EOS, e.g., CPA and SAFT in the pseudopotential
model;

= the modeling of reactive flows to track, e.g., the dissolution of solid structures
inside a porous media;

= the coupling of the multiphase pseudopotential approach with turbulent models;

= the modeling of vapor condensation inside porous media using LBM exclusively,
and the insertion of capillary effects and other thermodynamic phenomena;

= the assurance of the thermodynamic consistency of multicomponent systems;

= the modeling of liquid-vapor and liquid-liquid equilibria through pseudopotential
models, answering, e.g., how to link the relative volatility to the kinetic theory;

= and the development of methodologies that gather machine learning with LBM.
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Appendix A

Perturbation theory

The perturbation theory is a method for solving algebraic or differential equations,
linear or not, generally applied when the resolution is cumbersome, or there is no analytical
solution. It is an alternative to Taylor’s expansion, which may not converge or incorrectly
represent the real behavior of the function depending on which one is selected. The

perturbation theory is summarized in the expansion of a variable of interest r as:
r=ry+er +eir +edr+ -, (A1)
where € is a small parameter.
The solution of the following quadratic equation will be exemplified to demonstrate
the method.
r2—2er—9=0 (A.2)

The analytical solution of Equation (A.2) is:

2
_ 2e + V4ze + 36 (A.3)

r

Through asymptotic expansion and neglecting terms of order equal to or greater than

0(e3), we write r as:

r=mg + em; + €2m, + 0(€3) (A.4)
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Equation (A.4) should be replaced in the central equation, Equation (A.2). Initially,
the term r2 can be evaluated first. Thus, performing a binomial expansion when Equation
(A.4) is replaced in 2 and neglecting terms of order equal to or greater than O (e3):

12 =12 + 2€%1ryry + 2€ry1, + €21,? (A.5)

Now replacing Equations (A.4) and (A.5) into Equation (A.2),

102 + 2€(rory + €ryry) + €212 — 2e(ry + ery + €%1,) =9 (A.6)

Again, neglecting terms of order equal to or greater than 0(e?),

102 + 2€(rory + €rory) + €212 — 2e(ry + €ry) =9 (A7)

Identifying the different degrees related to €:

0(€%): 1,2=9 (A.8)
O0(e): 2ryry — 21y =0 (A.9)
0(€?): 2ryr, + 12 =21, =0 (A.10)

From Equations (A.8) and (A.9), respectively, we find that r, = +3 and r, = 1.
Substituting r, and r; into Equation (A.10), we determine r, = +1/6. Finally substituting
these values into the asymptotic expansion of r, i.e., Equation (A.4), the solution of the

chosen quadratic equation through the perturbation theory is:

r=13+et-e (A.11)
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The lower € is, the more accurate the solution will be. To demonstrate this, Figure
A.1 compares the solution through perturbation theory with the analytical solution. The
perturbation theory agrees well with the analytical solution only in the range of small €; it

diverges, however, when € > 1.

------- Bhaskara's method - -Perturbation theory

108 - ’
10° - ]
First root

104 3

102 0

10°

101" 107 104 10 102 103
€

Figure A.1: The logarithmic plot compares the analytical first roots of the quadratic equation with the ones
from perturbation theory.
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Appendix B
Moments and isotropy in LBM

The zeroth and first-order moments are, respectively,

p=2ﬁ (B.1)

i

ﬁ=§k% (B.2)

i
To define the second-order moment, we define, first, the tensor Q; as:
Q; = ¢¢; — I (B.3)
and then multiply it by fi("”), where k is the order in the Chapman-Enskog expansion,
Qf" =g — a1 £ (B.4)

We define the second-order moment t™® when we sum Qifl.("") over all i possibilities,

k > > k k
i i i

Similarly, we can write the third-order moment R®,
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> > > k
R® = Z Cicicifi( ) (B.6)

i

To ensure the LBM equations will recover the transport equations, the weights w;
must be correctly chosen. In this way, the isotropy conditions (independent of the orthogonal
transformations) are imposed in the lattice model. The combination and solution of them

makes the w; values to arise. The isotropy conditions are:

Zwi =1 (B.7)

1

Z w; ¢ = z Wi Ciy = 0 (B.8)
i i

z w; 6i¢; = Z Wi CigCig = c58up (B.9)
i

1

z Wi EiEiEi = z w; Cio(CiBCiy =0 (BlO)
i i

> > > >

w; GGiG¢; = Z Wj i, CigCi, Cis = c(8458y5 + 8ayps5 + 8as50sy) (B.11)
i

z w; CiCiCiCiCy = Z Wi Cio CigCiy CigCic = 0 (B.12)

i i
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