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Eletrolitos possuem papel fundamental em incontaveis processos e sistemas. Estao
presentes em processos biologicos, na industria do petrodleo, no desenvolvimento de
farmacos, entre outros. Apesar do grande esfor¢o cientifico em melhorar a descri¢do do
comportamento de eletrolitos, ainda existem desafios de ter uma boa descricdo de
propriedades de solugdes de eletrolitos muito concentrados e/ou multivalentes e,
principalmente, para os casos em que temos somente eletrolitos sem solventes como,
por exemplo, liquidos idnicos e sais fundidos nos quais a modelagem ¢ ainda mais
complexa e os modelos existentes sdo incompletos e inadequados. Para esses casos,
propoe-se incluir correlagdes idOnicas eletrostaticas, ndo consideradas na equacdo de
Poisson-Boltzmann original. Neste trabalho usamos uma modificacdo da equagdo de
Poisson-Boltzmann com correlagdes eletrostaticas para descrever a micelizagdo de
surfactantes i0nicos e zwitteridonicos, descrever a capacitancia diferencial de liquidos
i0nicos e, também, a sua impedancia eletroquimica. A abordagem proposta se mostrou
capaz de predizer o comportamento observado experimentalmente e em simulagdes

moleculares para sistemas em que correlagdes eletrostaticas sao relevantes.
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Electrolytes play a major role in countless processes and systems. They are
present in biological processes, in the petrochemical industry, and in the development of
pharmaceutical products, among others. Although there has been a large scientific effort
to better describe electrolytes, there are still challenges in describing properties of
highly concentrated and/or multivalent electrolyte solutions. For electrolytes without
solvents, e.g., ionic liquids and molten salts, modeling is even more complex and the
currently existing models are incomplete or inaccurate. Here, we used a modified
Poisson-Boltzmann equation which takes into account ionic electrostatic correlations to
describe the micellization phenomena of ionic and zwitterionic surfactants, in order to
describe the differential capacitance of ionic liquids and their electrochemical
impedance. The proposed approach has shown to be able to predict very well the

behavior of those systems observed experimentally and in molecular simulations.
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Chapter 1: Introduction

1.1 Electrolytes and their behavior

Electrolytes play a major role in several fields, from biological systems to
pharmaceutical products and to petrochemical processes. Even though there has been a
large advance in the development of experiments and technologies in these areas, the
theoretical description of biological, pharmaceutical, and petrochemical systems still
needs more clarification regarding their physical and chemical nature and behavior. The
search for a satisfactory theoretical approach is driven by the need of models that can be

used as a tool for the development for new processes and products.

Inorganic salts are known to affect the stability of proteins, to influence the
interactions between colloidal particles, and also to affect the aggregation between
amphiphilic molecules such as surfactants (where the aggregates are known as micelles)
(Goldsipe and Blankschtein, 2005). The influence of electrolytes in colloidal systems is
due to the fact that, over charged surfaces, the binding and approximation of dissociated
ions changes repulsive electrostatic forces. Furthermore, in systems where the
adsorption of dissociated ions controls their charges, these ions are responsible for the

interactions between colloidal particles (Leontidis et al., 2014).

Our attention now is not only focused on the development of theories for
inorganic salts in aqueous solutions, but also on improving the description of ionic
liquids, which can be seen as electrolyte solutions without the presence of a solvent.
Ionic liquids have been the focus of numerous research efforts due to their unique
electrochemical characteristics. They can be applied to supercapacitors, solar cells,
batteries, membrane separation systems but until now there has been no simple theory

able to describe their unique electrochemical behavior.

Most developments in describing electrolytes are now concentrated on the use of
molecular and atomistic simulations, which are essential for the understanding of
microscopic phenomena involved in systems containing electrolytes. Unfortunately,
these approaches demand a very high computational cost and are time consuming,

which make them unsuitable to model multiscale systems of complex processes. This



fact motivates us in improving mean field approaches like modified Poisson-Boltzmann
equations, which encompass the fundamental effects on the interactions between
charged surfaces and electrolytes, but at the same time require low computational cost
and can be used to calculate properties in different scales and to describe much more

complex processes.

Previous works performed in the research groups ATOMS (Applied
Thermodynamics and Molecular Simulation) and LMSCP (Laboratory of Modeling,
Simulation, and Process Control) of the Chemical Engineering program of COPPE —
UFRJ (Moreira et al., 2007; Lima et al., 2007; Alijo et al. 2012; Alijé et al., 2015)
verified the need to include modifications on the Poisson-Boltzmann equation, for a
better description of electrochemical systems containing electrolytes. The recent boom
in the research of micro-electromechanical devices and the tendency to miniaturize
processes and systems make the improvement of electrochemical theories even more

important.
1.2 Objectives

The main goal of this work is to improve the description of electrolyte systems
by a modified Poisson-Boltzmann equation which takes into account effects of ionic
electrostatic correlations. We apply this approach to the description of the micellization
phenomena of ionic and zwitterionic surfactants, ionic liquids between charged
electrodes (under alternating and continuous currents), and electrolyte solutions. For all
these systems we validate the proposed approach by comparing the results obtained by
the proposed model with experimental observations and data, as well as molecular

simulation, and density functional theory data.
1.3 Thesis organization

This thesis is divided into six chapters and five appendixes. Chapter II presents a
brief literature review of the systems studied in this work and the traditional approaches
used to describe electrostatic interactions. The following chapters are each separated by
the description of different systems, and are structured as individual scientific articles.
Chapter III contains the proposed approach to describe the micellization phenomena of

ionic and zwitterionic surfactants, where we compare our results to critical micelle



concentration and ionic binding experimental data. Chapter IV presents the application
of the modified Poisson-Boltzmann equation to the description of the differential
capacitance of ionic liquids. In this chapter we also propose an approach to consider the
asymmetry in shape and size of ionic liquids. The model is validated by its comparison
with experimental data and with molecular and DFT simulation results obtained from
literature. Chapter V presents the development of an analytical expression for the
description of the electrochemical impedance of electrolytes (both ionic liquids and
solutions of electrolytes). This approach is able to predict the behavior of the impedance
curve and explains the impact of electrostatic correlations in alternating current systems.
Finally, Chapter VI lists the final remarks of this thesis and suggestions of future works
and developments. There are also five appendices in this work. Appendix A presents the
article “Molecular Thermodynamics of Micellization: Micelle Size Distributions and
Geometry Transitions” published in the Brazilian Journal of Chemical Engineering.
Appendix B presents the numerical and optimization approach for obtaining the critical
micelle concentration when using the molecular thermodynamics approach. Appendix C
presents the dynamics of electrolyte solutions considering ion size asymmetry and
electrostatic correlation effects. Appendix D presents a numerical approach developed
for solving the modified Poisson-Boltzmann equation with electrostatic correlation
effects in bispherical coordinate systems. Finally, Appendix E reports an application of
the modified Poisson-Boltzmann equation to predict the adsorption of proteins on

different supports as a function of temperature, salt concentration, salt type, and pH.



Chapter 2: Literature Review

2.1 Electrical Double Layer

The behavior of electrolytes close to charged surfaces is a function of different
forces. Mostly these forces are of short or long range, and their combined effects result
in important consequences on the properties of colloidal solutions and electrochemical
systems. The understanding of all the forces acting in these systems is crucial for a
complete understanding of the behavior of electrolytes. For example, if van der Waals
forces (which are attractive forces) were the only ones acting, we would expect that all
particles — dispersed in solution and at low temperature — would agglomerate.
However, as we know, that is not what usually happens because there are opposing
forces also acting. One main opposing force, for example, is the one that arises due to
the fact that any particle dispersed in water (or other liquid of large dielectric constant)
can develop a charged surface, leading to the rise of electrostatic repulsion forces

(Israelachvili, 1995).

Any charged surface in contact with electrolyte solutions will have its charge
balanced by a region of ions of opposed charge (counterions). Some ions (either
counterions or coions) are bounded to the charged surface, and this region is known as
the Stern layer. In the mean field behavior, other ions present fast thermal movement,
known as the diffuse layer. Figure 1 is an example of the organization of the electrical

double layer close to a negatively charged surface.

Figure 1 — Representation of the electrical double layer close to a positively charged

surface.



The structure of the electrical double layer is a function not only of the charge or
potential over the surface, but it is also intrinsically related to the nature of the ions
(either in solution or as ionic liquids). Because of that, it is essential to consider the
particularities of each electrolyte when we are modeling these kinds of systems. In the
following sections we present a brief introduction of ionic specificity effects, steric
effects and ionic electrostatic correlations and how they can be coupled to a mean-field

approach by the use of the Poisson-Boltzmann equation.
2.2 Tonic Specificity Effects

Ionic specificity effects were first described at the end of the 19th century by the
work of Hofmeister. This work described the effects of different salts in the solubility of
albumin protein (Kunz et al., 2004). The observations from Hofmeister yielded the
classification of ions according to their impact on a variety of biological and
physicochemical systems, and it created a series, now known as the Hofmeister or
lyotropic series. In Table 1 we present the Hofmeister series of cations and anions.
However it is important to point out that this series might not always be followed
(Bostrom et al., 2005), or, in some cases, it might be incomplete (especially due to the
fact that most ions listed in the Hofmeister series are monovalent anions) (Leontidis et
al., 2014). ITonic specificity effects have a major role in several applications. One
important example is the chromatography separation of proteins, which is directly
affected by the differences in solubility of different ions (Nfor ef al., 2011; Lezin et al.,
2011; Tavares et al., 2005). In this case, the ions are affected by both the hydrophobic
and the electrostatic interactions in the medium. Also, Abezgauz et al. (2010) observed
that when different salts are added to a surfactant (cetylpyridinium bromide) aqueous
solution, the effect of the counterion on the critical micelle concentration and on the

micelle growth follows the Hofmeister series.

Table 1 — Classical Hofmeister series of cations and anions

F~ S0;~ > HPO;™ > acetate > Cl” > NO3 > Br~ > ClO; > 1~ > ClO, >
SCN~

Cations | NH, >K*>Na" > Li* > Mg** > Ca™

Anions

It is important to emphasize that the effects of electrolytes on colloidal and

electrochemical systems is not only a function of the kind of electrolyte used; it is also a



function of electrolyte concentration and the characteristics of the medium and of the
charged surface. One important contribution to the free energy that arises at high
electrolyte concentrations, high applied potential, or in ionic liquids, is that of the
electrostatic correlation. In these systems, one ion affects the behavior of other ions in
its surroundings in a nonlinear way. Furthermore, due to spatial restrictions on the area
of electrical double layer, there are steric effects that arise from the fact that each ion
has a defined volume (free volume effect). These three terms of electrolyte free energy,
ion specificity contributions, free volume and electrostatic correlations are described on

Item 2.3.2 of this chapter.

2.3 Poisson-Boltzmann Equation

As discussed in Item 2.1, ions close to a charged surface are rearranged, with
ions of opposite charge (counterions) being attracted, and the ones with the same charge
as the surface (coions) being repelled. The distribution of these ions can be described by
the Boltzmann distribution and it is a function of the electric potential and the
temperature. The Boltzmann distribution can be expressed in terms of concentration in

the following form:

z;e
Ci = Ci oo €XP <— ;<T¢) 2.1

where ¢; is the concentration of ion i, ¢; ., the concentration of ion i in the bulk, z; the
valence of species i, e the elementary charge of the electron, i the electrostatic

potential, k the Boltzmann constant, and T the temperature.

The Poisson equation is an elliptical partial differential equation, and it can be
used to describe the behavior of the electrostatic potential (). It is a function of the

volumetric charge density (p), and can be written as follows:

&V (eVY) = —p (2.2)

where g, is the vacuum electric permittivity, and ¢ is the dielectric constant of the

medium.



The volumetric charge density (p = e }.;z;c;) can now be coupled with the
Boltzmann distribution, and then inserted in the Poisson equation, resulting in the

Poisson-Boltzmann equation.

&V(EVY) = —e z Zj Cijo0 €XP (— Zielp)

l T (2.3)

This equation characterizes a boundary value problem, which requires two
boundary conditions. These boundary conditions can be of three kinds: specified electric

potential at the surface, specified charge density at the surface, and of charge regulation.

For specified electric potential at the surface:

lljlsurf = (2.4)

For specified charge density (y) at the surface:

(V) |sury = — = 2.5)

€o
Charge regulation boundary condition is used when the charged surface has
ionizable groups, which makes the resulting charge of this surface a function of the
conditions of the medium, such as pH, and temperature. Ninham and Parsegian (1971)
presented a charge regulation model where the influence of pH on the surface charge is

considered. In this approach, the boundary condition on the surface is:

drea

E(le)lsurf = (26)

0
where « is the fraction of ionizable groups on the surface. This parameter is obtained

from the dissociation constant of the groups on the surface (Z) and the concentration of

H' ions (HF):

[H*]5[A7] ;
2.7
and from the concentration of hydrogen in the solution:
ey
HYle.=H <— —) 2.8
[H*]s exp %T (2.8)



This kind of boundary condition is widely used for modeling interactions
between proteins. Examples of its application can be found in the works of Bostrom et
al. (2005), Lima et al. (2008), Deniz and Parsons (2013), and in the work presented in
Appendix E.

When we are modeling only one charged surface in an electrolyte solution we

also consider that the electrostatic potential in the bulk tends to zero.

Ylpuk =0 (2.9)

The Poisson-Boltzmann equation in its classical form considers that the ions are
punctual charges, no excluded volumes are taken into account. Furthermore, no van der
Waals (dispersion) interactions between ions and surface are included. Because of that,
the classical Poisson-Boltzmann equation is only able to describe well the behavior of
diluted electrolyte solutions, and monovalent electrolytes. This leaded to the
development of modifications of the Poisson-Boltzmann equation in order to have a
better description of a larger spectrum of electrolytes systems. Item 2.3.1 of this chapter
presents several modifications on the Poisson-Boltzmann equation that make it more
suitable to describe concentrated electrolyte solutions, multivalent electrolytes, and

ionic liquids.

2.3.1 Modifications of the Poisson-Boltzmann approach

As mentioned before, approaches which describe ions as punctual charges that
neglect free volume effects tend to fail at high concentrations, high voltages, or due to
electrostatic correlation interactions. This is an indication that those effects should not
be ignored. There are modifications on the Poisson-Boltzmann equation that aim to
describe several physical observations such as dielectric relaxation, electrostatic ionic
correlation, and ionic volume restrictions. In the group of Applied Thermodynamics and
Molecular Simulation (ATOMS) there was a series of works carried out in order to
improve the Poisson-Boltzmann equation. First, Moreira et al. (2007) considered
dispersion interaction ion-colloid and colloid-surface. Lima et al. (2007) extended the
approach proposed by Moreira by taking into account the shape of proteins, which

resulted on a very effective approach to describe the interactions between proteins



immersed on different electrolytes solutions. Later, Alijo et al. (2012) considered ionic
size exclusion effects on aqueous solutions, which showed to be especially relevant for
the high electrolyte concentrations. Afterwards, Alijo et al. (2015) also considered
electrostatic correlations and their effect on dynamic behavior. All these works
represent a great contribution for the description of the behavior of electrolytes in
aqueous solutions but still there are gaps to be filled, especially regarding the

description of ionic liquids and concentrated electrolyte solutions.

The next sections in this chapter describe how the effects of dispersion, ionic

sizes and electrostatic correlations can be included in the Poisson-Boltzmann equation.

Effects of dispersion and polarizability of ions

On an aqueous electrolyte solution, the mean field potential close to a charged
surface is affected not only by the size and charge of the ion but also by its
polarizability. Traditional models cannot explain why salts with the same valence and
size impact in such a diverse manner in protein and colloidal systems (Tavares et al.,
2004). Ninham and collaborators emphasized in their works that some behaviors
caused by the ionic specificity can be described theoretically by the inclusion of ion-ion
and ion-macroion dispersion forces (Bostrom ef al. (2005), Moreira et al. (2006),

Moreira et al. (2007), Mitchell et al. (1975), Fortini et al. (2004)).

The equivalence between electrostatic and dispersion forces is defined by taking
the potential of interaction between an ion i and a surface (Lukanov and Firoozabadi,

2014):
U= Uielectrostatic + Uidispersion (2.10)

The electrostatic contribution is defined as UFCtoStatC = z.e1) and the
dispersion energy of an ion at a distance r of a charged surface can be obtained using
the Lifshitz theory as follows:

waperswn _ _; h; (r) (2.11)
r

l

The term h;(r) is a factor of shape and it considers that the ions have a finite

size. This factor can be defined as (Lukanov and Firoozabadi, 2014):



() =14 2r erz 1] ( r2> [1 N 4r4l ‘ (r) )1
(r) = — —1lexp|——= ] - —|erfc|— -
l Nz E e R af " \a, R

Where a; is the Gaussian radius of the ion. The values of this radius can be found in

Parsons and Ninham (2009).

The dispersion coefficient (B;) can be obtained by the dynamic polarizability of
the ions and it includes dipolar contributions of all electromagnetic frequencies. This
coefficient can be positive (repulsion) or negative (attraction) and it is a function of the
polarizability at different frequencies of the solvent, the surface and the ionic
specimens. How to obtain the dispersion coefficient is well described elsewhere, e.g.,

Lukanov and Firoozabadi (2014), Tavares et al. (2004) and Bostrom et al. (2002).

Inclusion of the effects of ionic sizes

Bikermann (1942) is widely known as a pioneer to consider steric effects
between ions. His approach was one of the first to treat ions as hard bodies with a
delimited volume. However, in a review paper by Bazant ef al. (2009) it is revealed that
a description of steric effects — very similar to the one presented by Bikermann (1942) -
was previously presented on the remarkable work of Stern (1924). In that work, Stern
introduces the concept of a compact layer of molecules, which is a monomolecular layer
that separates the electrode and the electrolytes diffuse layer. In that article Stern also
considered the volume of the ions on the electrolyte phase, and the expression he
obtained for the ratio between charge and voltage is very similar to the one obtained by

Bikermann (1942) twenty years later.

In Bikermann’s work, the first modification of the Poisson-Boltzmann equation

was obtained, and the expression for the residual chemical potential of an ion i is:

res,Bik

H;
kT

=—In(1-¢)

where ¢ = Y;c;07 the volume fraction occupied by the ions with diameter o and
concentration c;. Even though this approach was an important step on the improvement

of the Poisson-Boltzmann equation, it has some limitations, such as, for example, the

10
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fact that both anion and cation must have the same size. We can find a large number of
works that obtained a good description of physical and biological systems, for example
electrolyte solutions with large ions or large biological molecules, (Wiegel and Strating
(2007), Boeukhov and Andelman (1997)), polyelectrolytes ( Biesheuvel (2004), Israels
(1994), Gonzéalez-Amezcua and Hernandes-Contreras (2004)), polymeric electrolytes
(Van Soestbergen and Biesheuvel (2008)), electrophoreses of colloidal particles (Lopez-
Garca et al. (2007) ), among others.

Carnahan-Starling (CS) equation of state for liquids consisting of monodisperse
hard spheres can also be used to describe steric effects of electrolyte solutions. The
residual chemical potential obtained with this methodology is presented below

(Carnahan and Starling, 1969):

w899 +3¢%)

= a—ay (2.14)

Even though the Bikermann and Carnahan-Starling models are able to give
important information on free volume of different electrolyte solutions, there are several
systems where the asymmetry on the size of electrolytes can’t be neglected. One way to
consider the asymmetry of ion sizes was presented by Alijo et al. (2012) where they
used the Boublik-Mansoori-Carnahan-Starling-Leland (BMCSL) equation of state, and

obtained the following residual chemical potential for an ion i:

3
L TesBMCSL (fo — f—z) o7 + 3&,0; + 3¢,0;

i _ 53? + 26230-1'3
kgT 1-¢&; §3(1—-¢&3)3
2 2 33
3¢,6,0° + 3‘233“1 + 3*2332“1 (2.15)

* a-¢)
2 .2 3 3

+ (—1 + ?’ijf" + zijf" >1n(1 ~&)
3 3

where &, = %Zi cio',n=1or2,and & = %d) is the packing fraction. This approach

has the advantage of treating different ions with different sizes, but it also presents large
deviations when modeling one-dimensional systems, making it still necessary for more

improvements on the description of asymmetric electrolytes.
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All the approaches presented here take into account the specific ion diameter. It
is important to notice that the solvated diameter is not directly related to its atomic
radius. For example, the diameter of an ion can depend on the solvent due to its degree
of solvation (Bazant et al., 2009). Data of specific diameter of solvated ions can be

found in the work of Nightingale Jr. (1959).
Ionic Electrostatic correlations: Bazant-Storey-Kornyshev model (BSK model)

Electrostatic correlation effects are relevant and cannot be neglected on a wide
variety of systems, e.g., concentrated electrolyte solutions, solutions containing
multivalent ions (which are especially important for biological systems), and ionic
liquids. Storey and Bazant (2012) observed that when electrodes are placed directly in
contact with a fluid, very high charges on the surface are observed, which are not
predicted by the classical theories. Besides that, classical theories cannot describe ionic

liquids and molten salts.

Effects of ionic electrostatic correlations can lead to overscreening, which
consists of the first layer of ions close to the charged surface being formed in a way that
it has an excess countercharge in relation to the surface, then the net charge difference
would lead to the formation of another layer of ions in order to balance this difference,
and thus successively until neutrality is obtained. Aiming to develop a simple and
phenomenological theory that is able to take into account electrostatic correlations,
Bazant et al. (2011) proposed the following functional to describe the Gibbs energy of

the system:

6 = [ar{g+pw -5 19w + W)+ § dray 2.16)

where g is the enthalpy density which is a function of the ions concentration, p is the
charge density in the volume V, g, is the superficial charge density on a metallic surface

S, and 1 is the mean field electrostatic potential. The self-energy of the electric field is

—(e/2)IVyI2.

The modification proposed by Bazant et al. (2011) was to include a potential

gradient term:

12



—%lg(vzzp)z (2.17)

where [, is the electrostatic correlation length. Bazant and collaborators comment that
the electrostatic correlation length for punctual charges is around the Bjerrum length,
lg = (ze)?/4mekT. For ionic liquids, their dielectric constants make the Bjerrum length
several times longer than the ion diameter, and for these cases, it is assumed that the
correlation length, [., is equal to the diameter of the ion. This last suggestion is also

recommended by the work of Alijo et al. (2015).

The modified Poisson equation is known as the Bazant-Storey-Kornyshev
modification, or simply the BSK model.
s(2v2 - 1D)V2Y =p (2.18)

In this approach, it is considered that the medium permissivity (), due to the
electrostatic correlations, is a linear differential operator £ = £(1 — [2V?). The equation

returns to the Poisson equation when the electrostatic correlation length is equal to zero.

The BSK equation is a fourth order differential equation, and for that, it
demands four boundary conditions. The first two are the same used for the classical
Poisson equation, for which the surface can be of specified charge, specified potential,
or charge regulation. The extra boundary conditions arise from the consideration that

there are no correlation effects over the charged surface, then:
ﬁ'V(V27~)b)|5urf =0 (219)

This equation is able to predict overscreening and overcharging due to short
range correlations. Bazant et al. (2010) applied this approach to charged electrodes and
was able to reproduce data obtained by molecular dynamics simulation for multivalent

salts.
2.4 Ionic Liquids

Even though the theoretical description of aqueous dilute electrolyte solutions
has been thoroughly developed, there are still a lot of gaps in the description of
multivalent ions and ionic liquids and their unique behavior. Furthermore, the properties

of the electrical double layer of ionic liquids are extremely relevant for the
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understanding and description of systems of energy storage, such as, for example,
batteries, supercapacitors, solar cells, and electroactuators (Ujjain ef al., 2015; Bettini et
al., 2015; Cowell et al., 2015; Appetecchi et al., 2011; Nakamoto et al., 2013; Kakibe et
al., 2012). Ionic liquids are also used as solvents for organic systems, as well as
extraction liquids (Kornyshev, 2007; Ferreira et al., 2016; Soares et al., 2016). The
wide range of applications of ionic liquids is due to their very particular properties, such
as their high charge density, electrochemical stability, and very low volatility.
Furthermore, ionic liquids can be seen as electrolyte solutions without solvent, which is
very convenient when aiming to reduce the size of electrochemical devices. Another
important characteristic is that ionic liquids can be combined in order to achieve desired
and specific properties. In this case, a simple model that can easily predict the behavior
of ionic liquids would be a key tool on the design of new ionic liquids and different

applications.

The efforts to model ionic liquids have been mostly carried out by molecular
simulations (Fedorov and Kornyshev, 2008; Vatamanu et al., 2010; Kirchner et al.,
2013). Most of these works have focused on understanding the behavior of the electrical
double layer of ionic liquids close to charged surfaces. One feature observed by several
works was that the overscreening effect observed in ionic liquids was related to the
short-range ionic correlation interactions. They observed that the length of the tail of the
ions might act as a solvent, which could explain some few similarities of the behavior of
ionic liquids and diluted electrolyte solutions (Henderson et al., 2013; Gebbie et al.,
2013).

Even though several relevant observations on the behavior of ionic liquids close
to charged surfaces were obtained through molecular dynamics, its high computational
cost limits its use on the description of those systems. Because of that, the mean-field
theory with modified Poisson-Boltzmann equations is promising to adequately describe
ionic liquids with low computational cost — so it can be employed to describe complex
processes where ionic liquids are important. On the Chapters 4 and 5 a modified
Poisson-Boltzmann equation is proposed to describe differential capacitance and the

electrochemical impedance of ionic liquids.
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2.5 Surfactant Systems

The aggregation of surfactants is extremely relevant to several chemical and
biological processes. When salts are present in surfactant solutions, the formation of
surfactant aggregates (known as micelles) is drastically changed by the specific kind of
salt used (Lukanov and Firoozabadi, 2014). Ionic and zwitterionic surfactants are
widely used in industry on detergents, pharmaceutical and personal care products,
coating and lubrication, among others. The increase of the ionic strength on surfactant
solutions reduces the critical micelle concentration (CMC) of ionic and zwitterionic
surfactants, and also leads to larger micelles being formed and can cause their shape
transition — from smaller and spherical micelles to larger and elongated ones. This effect
is associated with the reduction of the electrostatic repulsion between the surfactant
heads. Because of that, the addition of salts into surfactant solutions is subject of several
experimental studies, important for their commercial application. It is experimentally
observed that the micellar properties are not only influenced by the concentration of salt
added but also and mostly by the specific kind of counterion (Srinivasan and

Blankschtein, 2003).

Multivalent counterions, such as AI** and Ca®*, are known for being much better
micelle growth promoters than monovalent ions at the same ionic strength. For that, the
development of a theory that can correctly predict the behavior of surfactant solutions
with multivalent ions is of great interest for the selection of surfactant and salts to be
applied to a certain process. Besides that, this theory must be able to predict properties
of the micellization process that can be directly related to practical properties of
surfactant solutions, such as solubility capacity and rheological behavior. This would

reduce the time and cost of the trial and error experimentation processes.

In the literature, there are no models for the micellization phenomena that
include electrostatic correlation effects, even though these effects are very important
when describing multivalent counterion type and solutions with multivalent electrolyte
and/or high concentrated electrolyte solutions. In this thesis, Chapter 3 presents the
inclusion of electrostatic correlation effects on the micellization phenomena for
solutions of both ionic and zwitterionic surfactants that contain monovalent and

multivalent ions.
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Chapter 3: Effect of electrostatic correlations on
micelle formation

Micellization phenomena are fundamental to countless biological and chemical
processes. Salts can dramatically change the micellization, depending on the kind of
electrolyte and its concentration. Traditional approaches to model and describe these
phenomena do not take into account electrostatic correlation interactions. Those
interactions are essential when modeling surfactant solutions containing multivalent
and/or highly concentrated electrolytes. Therefore, the development of a theory that is
able to correctly predict the behavior of surfactant solutions with salts is a key to
improve the application of surfactants in industrial processes. Here, we propose a simple
methodology that uses a mean field approach to include electrostatic correlation effects
and we coupled it with the well-established molecular thermodynamics approach to
describe the micellization phenomena. From the proposed model, we can obtain the
critical micelle concentration (CMC) of surfactant solutions and information about the
size and shape of the micelles for ionic and zwitterionic surfactants. To validate the
model we compared our results with experimental values of CMC and counterion
binding for different surfactants. @~ We obtained very good agreement with the

experimental data with a completely predictive model.

Keywords: micellization, electrostatic correlations, molecular thermodynamics,

surfactants, zwitterionic surfactants.
3.1 Introduction

Surfactant aggregation is a very important aspect of several chemical and
biochemical processes. When salt is present in those processes, the formation of
surfactant aggregates (also known as micelles) can be dramatically changed by the
specific kind of electrolyte added [1]. An increase in the ionic strength of a surfactant
solution causes the reduction of the critical micelle concentration (CMC), and may
cause a transition in the shape of the micelles from spheres to elongated forms [2,3].
This effect is associated with the decrease of the electrostatic repulsion between the
heads of the surfactants. Furthermore, the addition of salt to induce micelle growth is

the subject of several studies, besides being exploited on commercial applications of
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some surfactants. Moreover, the properties of micelles formed are strongly influenced
by not only the counterion concentration but also by the specific kind of counterions
present in the solution [2,4-8]. For example, Muller et al. [9] studied the impact of
anions on different positions of the lyotropic series: one on the borderline, one
kosmotropic, and one chaotropic. They verified that the different counterions would
lead to different micelle shapes that are explained by how strongly the counterion
interacts with the micelle. The anion with the strongest interaction would lead to a

system with the more elongated micelles.

Also, multivalent counterions, such as A’ and Ca®" are known for being great
promoters of micelle growth when compared with monovalent counterions with the
same ionic strength, as for example Na' [10, 11]. In this way, the development of a
theory that is able to correctly predict the behavior of surfactant solutions with
multivalent and highly concentrated electrolytes is very important especially in the
selection of the surfactant to be used for a certain application. Furthermore, such theory
should be able to predict properties of the micellization phenomena that are directly
related with practical properties (e.g. solubilization capacity and rheology). This would
contribute to the reduction of the time and cost involved with the experimental process
of trial and error when deciding which is the most suitable surfactant to be applied on a

process.

When modeling the effect of salts on the micellization phenomena, the
traditional approach uses a linearized form of the Poisson-Boltzmann equation to take
into account the electrostatic repulsion of ionic surfactant heads. Some effort was done
[1,12] in applying the full form of the Poisson-Boltzmann equation while also including
ionic dispersion, which made it possible to observe the effects of ionic specification in
the micellization phenomena. Even though the Poisson-Boltzmann equation is effective
in describing different systems in different conditions, it is not adequate to describe
solutions where the salt concentration is high or where are multivalent ions involved.

For those systems, electrostatic correlation effects cannot be neglected.

In the literature, as far as we know there is no model available that considers the
effects of electrostatic correlations on the micellization phenomena [2, 13-15]. Bazant
et al. [16] proposed the so-called BSK model, a simple way to consider electrostatic

correlations effects via a modified Poison-Boltzmann equation. The BSK model was
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obtained through a gradient approximation for nonlocal electrostatics between different
interacting ions. In this model, the permittivity is a differential operator that is a
function of a correlation length (I.). With this approach it is possible to capture the
correct behavior of electrolytes close to charged surfaces obtained by molecular

dynamics and, at the same time, be simple enough to be used on complex systems.

We present here the association of the traditional model for the micellization
phenomena with the electrostatic free energy contribution using the BSK model in order
to have a better description of the influence of different salts on surfactant solutions.
With this model we obtain the thermodynamically stable state of the surfactant solution
calculating the minimum of the total Gibbs energy which provides the amount of
micelles formed, their size and shape, and the degree of binding over the micelle of
electrolytes. Differently from what has been presented in the literature up to now, here
we consider that not only ionic surfactants can have free ions binding to their micelle
surface, but that also zwitterionic surfactants can have both anions and cations binding
to their micelle surface. This is supported by several experimental observations [11, 17-
19] which demonstrated how different kinds of electrolytes impact on the size and shape

of zwitterionic micelles and on their critical micelle concentration.

All the systems analyzed here are on aqueous solutions and in the following
sections, we discuss the equations and the methodology used to calculate the Gibbs

energy and the BSK model used to calculate the electrostatic contribution.
3.2 Methodology

The model for the Gibbs energy of the micellization phenomena has been
developed through the time by different authors, being a result mainly from Nagarajan
and Ruckenstein [20], Moreira and Firoozabadi [12, 21], and Srinivasan and
Blankschtein [4]. Given a global specification of temperature (T), pressure (P), total
number of surfactant molecules (Ng) and the number of water molecules(N,,), the

Gibbs energy (G) is calculated as the sum of two main contributions: the free energy of

formation (Gf) and the free energy of mixing (G,,).

G = Gf + Gy, 3.1)
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Because we are analyzing only diluted surfactant solutions (around the critical

micelle concentration) we neglect any interaction between micelles (supposing ideal
mixture). The following expression for the Gibbs energy of formation (Gf) is obtained

[20]:

Gr = Nyt + Nyspls + Z o4 ZNf (32)

where N, Nig, Ng, and Nl-f "¢ are respectively the number of water molecules,
number of free surfactants, number of micelles containing g surfactant molecules, and
number of free ions of the species i in solution. The parameters ud, uls, ug, and y) are
the standard chemical potentials of the water, free surfactant, micelle with g surfactant

molecules, and of the ion of specie i.

There are restrictions related to the mass balance of the components that must be

respected.

Ng = Nys + Z gNy (3.3)
g=2

N; = N/ + Z gBiN, (3.4)
=2

where N; is the number of ions of specie i in solution, f5; the degree of biding of
the counterions of the specie i, which means the average fraction of counterions of

specie i that are bounded to the surface of the micelle per surfactant unity.

Now considering the mass balances just presented, we can reorganize and

rewrite Equation 3.2:

25



Gy = Nota + Nspids + > Noghu§ + > Nig? (3.5)
g=2 i

Where gApg = #2 —gu? =Y gBiu? is the free energy of micellization, and

Ng is the total number of surfactant molecules added to the solution.

With the considerations of ideal mixture of micelles, the free energy of mixing

can be calculated as:

G,, = kT |N,, InX,, + NygIn X5 + z N, InX, + z N7 In /7 (3.6)

g=2 i

where X, is the mole fraction of component a, and k is the Boltzmann constant.

The mole fractions (X,) are calculated as follows:

Nq

X =
© Ny + Nyg + 5 Ny + 3 N/7ee

Va=w,1s,g9,i (3.7)

And rewriting the equation for the free energy of micellization we obtain:

G = Ny, + Nsuis + Z Ngghug + Z AT
i

g=2
+ kT N, In X, + NysIn Xys + Z Ny InX, (3.8)
g=2
+ Z Nifree In Xifree
i

It is possible to reorganize the previous equation separating the terms that
depend only on the fixed variables to the left hand side of the equation
(T,P, N, N;,and, N,,) [21].
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G'= G = Nyih = Nop = " N
i

=Z%M@
g=2
% (3.9)
+ kT |N,,InX,, + N;sInX 5 + Z NyInX,
g=2
f f
+ Z Nl ree 1n Xl ree
i
And dividing the expression by kT
G, o0 N A 0 o0
= Z % + N, InX, + Nygln X5 + Z NyInX,
g=2 g=2 (3.10)

+ z Nifree In Xifree
i

In Equations 3.8, 3.9 and 3.10 it is considered that there is a size distribution of
micelles formed. However, some surfactants present a very narrow size distribution and
for these cases we can approximate this distribution with the maximum term method.
The applicability of this approximation for micelle formation was shown in [22].
Several authors used the same approximation [1, 12, 20, 21]. This method consists on
considering that there is one representative micelle size that can describe all micelle size
distributions. When we use this methodology the previous equation is reduced to, where

g 1s the average number of surfactants in the micelles:

i _ Nyghug

= L Ny In X, + Ny In Xas + Ny In X + Z N mx!T 3
i

Equation 3.11 is then minimized to obtain the most stable state of the solution
considering that we have a micelle size distribution, and 3.11 considering the maximum
term methodology. We have shown that both methodologies are equivalent for low

concentration of surfactant [22].
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3.2.1 Free energy of micellization

The free energy of micellization is calculated as a sum of different contributions.
The path we considered here starts with the break of the bond between the head and the
tail of the surfactant. Next, the tail is transferred from the aqueous medium to a liquid
hydrocarbon corresponding to the tail. After, the tails are reorganized on the micelle
core. This happens because one of the ends of the surfactant tail must be located at the
surface of the micelle. Following this rearrangement we are able to reconnect the heads
to the tails located on the interface water-micelle interface. Because this interface is
spatially limited, some effects due to repulsion between the surfactant heads occur.
Those effects constitute the last step on the path to describe the micellization
phenomena. The following infographic illustrates (Fig. 1) the steps on the path between
the initial and final state of the micelle formation. Therefore, the free energy of

micellization can be calculated by Eq. 3.12 [12, 20, 21].

Break the bond that connects the head and the tail of the surfactant
and transfer the tail from the water phase to a hydrocarbon phase.

% Restoration of the contact between the water phase and the phase

composed by the tails, forming a drop of hydrocarbon phase.

Consideration of the restriction that one of the ends of each tail
must be on the interface water-micelle core.

% Rebound of the heads to the tails.

Figure 1 - Path defined to describe the micellization process, from free

surfactant in solution to surfactant in micelle structure.

By | (SAB) (B () () sy
kT kT kT kT /. kT . kT ). . '
trans def int steric ionic

In this work our focus is on a better description of the ionic electrostatic
interactions of the surfactants heads and its contribution to the free energy of
micellization (subindex ionic). The trans contribution stands for the energy spent on the
transfer of the surfactant tail from an aqueous environment to a hydrocarbon medium. A

detailed description of this contribution can be obtained in Nagarajan and Ruckenstein
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[20]. The def contribution takes into account the free energy on the deformation and
packing of the tails of the surfactants in the hydrocarbon nucleus due to the imposed
limitation that one of the ends of the tails must be located at interface of the nucleus.
This contribution is calculated on a similar way as by Moreira e Firoozabadi [21]. The
int contribution takes into account the energy lost in the formation of the interface
between the water and the hydrocarbon micelle core. It is a function of the area and the
interfacial tension of this new interface. For this contribution we used the approach
presented by Moreira and Firoozabadi [22]. The steric contribution considers the steric
effects that arise due to the restrictions of space on the interface of the micelle occupied
by the surfactants head. For that we considered the approach proposed by Nagarajan and
Ruckenstein [20].

Free energy of the electrostatic interactions between the heads (A p.g / kT)ionic

For ionic surfactants

Electrostatic interactions between the heads of surfactants become relevant when
the surfactants in the solution are either ionic or zwitterionic. In this section we discuss
the approach for ionic surfactants and in the next section for zwitterionic surfactants.
The contribution of the ionic electrostatic interactions to the free energy of micellization
was analyzed using the methodologies proposed by Lukanov and Firoozabadi [1] and
Srinivasan and Blankschtein [4]. For ionic surfactants we consider that the counterions
from surfactant head and from added electrolyte can bind to the charged surfaces of the

micelles. This directly impacts on the ionic contribution to the micellization free energy

(Aug/kT)l_om,C represents the amount of work performed to assemble the charged

surface of the micelle and the electrical double layer on surrounding. Considering a

reversible isothermal process, it can be calculated as follows:

Aud acn (° o
(k_Tg> :ﬁf o(o)do (3.13)
ionic 0
where o is the final charge density on the surface per molecule of surfactant, 1), is the

electrostatic potential on the surface of the micelle per molecule of surfactant for a

surface of charge (0), and a., is the area per molecule of surfactant calculated as:
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4mRE,
g

aqp = (3.14)

The radius R,y is defined as a function of the equivalent radius of the micelle
(Req) and the distance between the center of the micelle’s nucleus and the surface of
the micelle (d.). The last one is a tabled value available for some surfactants. And

with this information we can calculate the charge density on the micelle’s surface (o).

Rep = Reg +dcn (3.15)

ezt ¥zh)

Acn

(3.16)

Where z, is the valence of the surfactant head, z; is the valence of the counterions j, f;

is the degree of counterion binding on the micelle surface, and e is the elementary

charge.
For zwitterionic surfactants

To model the electrostatic contribution to the free energy of micellization for an
aqueous solution of zwitterionic surfactants and salts we adapted the model presented
by Goldsipe and Blankschtein [23] and Moreira and Firoozabadi [12] as shown

hereafter.

We first consider here that the anion of the salt added to the solution can bind to
the positive part of the dipole, the same way the cation can bind to the negative pole. As
presented on the previous item for ionic surfactants, the charging contribution is treated
as the reversible work to charge the surface of the micelle as presented by Equation
3.13. However, this equation must be applied to each charged surface of the micelle
(Fig. 2). For that, we need to know the charge structure of a micelle formed by
zwitterionic surfactants. Figure 2 presents a scheme for the charged surfaces for a

micelle formed by zwitterionic surfactant immersed in an electrolyte solution.
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Figure 2 - Scheme of charging layers for zwitterionic surfactant immersed in an

electrolyte solution.

In Figure 2, the layer number 3 represents the Stern surface of the micelle. The
charge on surfaces 1 and 2 can be calculated as a function of the charge on the dipoles

oL . . Apd
and the degree of binding of anions and cations. We need to calculate (#) ~ for
onic

surfaces 1 and 2, and for that, the final charge on each of those surfaces (o) can be
calculated as follows:

oy = e(ZinnerA + :8+Z+) (3.17)

Acn

+p_z_
oy = e(Zoutera + P-2_) (3.18)

Acp

Apd )
And the total (ﬁ) ~ can be written as:
onic

Aug B 2, (o
<ﬁ>mic—; | vt da (.19)

In this equation and in Equation 3.13, ; is the electrostatic potential in the
surface of charge i, and it is calculated through a modified version of the Poisson-
Boltzmann equation where we include effects of ionic electrostatic correlations and ion-

surface van der Waals interactions.

Aiming to have a better description of systems containing multivalent

electrolytes and/or higher salt concentration we included the effects of ionic
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electrostatic correlations by using the approach proposed by Bazant et al. [16]. Their
mean field approach considers that the permittivity is a linear operator with a
contribution for the ion-ion correlations. That consideration when coupled with the

Poisson-Boltzmann equation leads to a fourth order differential equation.

We considered on this analysis that the micelles are charged flat plates. This
consideration is based on the fact that the dimensions of micelles are much larger than
the size of any ion in solution, and, from the point of view of an ion, the micelle can be
seen as a sphere of infinite radii (a flat plane). For this case, the unidirectional Fourth

order Poisson equation (BSK model) in Cartesian coordinates is written as:

pd 4 _p (3.20)

where [ is the correlation length. Here we follow the definition for the correlation

length proposed by Alijo et al. (2015) where [, is the radii of the hydrated ion.

The boundary conditions of this problem are related to a specific charge (o) on
the surface that is a function of the number of surfactants on the micelle (g) and the
degree of binding of counterions f;, that can be calculate by Eq. 3.16, for ionic
surfactants, and by Eqgs. and 3.17 and 3.18 for zwitterionic surfactants. Then the
boundary condition can be written as:

dy -0

=— 3.21
dxl,—g € ( )

The other boundary conditions are defined bellow, as suggested by Bazant et al.

[16]:
d3y
W ) =0 (322)
x=0
P(0) =0 (3.23)
dy _
Il = 0 (3.24)
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A new dependent variable is proposed to reduce the order of the differential

equation to be solved.

dz‘/’(x) (3.25)

¢(x) =

Applying this to the previous equation and the boundary conditions we obtain:

2 di‘f =2 (3.26)
% — _TG (3.27)
g _ (3.28)
dxly=o
() = 0 (3.29)
$(0) =0 (3.30)

And the fourth order differential equation to be solved is converted into a system
of two second order differential equations. From the solution of this system we can
obtain the profile of the electrostatic potential and the concentration profile of the ions
as a function of the distance from the micelle surface. To enhance the numerical

solution we expressed the independent variable x in terms of dimensionless variable {:
{ =1—exp[—kx] (3.31)

The differential operators considering the new independent variable { are

expressed for a generic dependent variable f:

d d

_f =k(1-29) _dj; (3.32)
a*f d*f df
5 =K1-0 [(1 i (3.33)

This change allows the independent variable, that before was defined from zero

to infinite, to be now defined on a bounded finite interval { = [0,1]. We also defined
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the dimensionless electrostatic potential and ion concentration y = ey /kT and y; =
c;/cio. The charge density p is p = e}, z;c;, where eis the elementary charge,
z; and c; are the valence and concentration of ion i. The dimensionless concentration of
ion i can be written as y; = exp (z;y — U;), where U; is the nonelectrostatic
nondimensional potential (van der Waals interaction between the ion i and the micelle
surface).
B:
U; = ——; forx >r; (3.34)
x
The parameter B; is the dispersion parameter of the ion i, and x is the

perpendicular distance between the center of the ion i and the surface of the micelle.

Details can be found in Lima et al. [24] and Tavares et al. [25].

The Debye length (k) is defined as follows:

2e2]

3.35
egokT ( )

K=

. . 1
where [ is the ionic strength, defined as [ = EZi z} cip.

Applying all the variable changes proposed we obtain the system of differential

equations to be solved here to calculate the electrostatic contribution to the free energy

of micellization.
201 . d? do _e?
c1-9) I( _Od_{Z_d_(l —¢ = ngKZZZiCi,O)(i (3.36)
3 d’y dy
¢—(1—€)[(1—€ az T ar (3.37)

And the boundary conditions:

dy _ —oe
dfl,_, KekT

(3.38)
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) _, (3.39)
dil,_,
y(1) =0 (3.40)
d(1) =0 (3.41)

3.3 Numerical strategy

To solve the system consisted by Eqs. 3.36 and 3.37 we applied the finite
differences method with the central difference approximation to describe the
derivatives. After obtaining the profile around the micelle of the electrostatic potential
() considering the electrostatic correlation effect, we are able to calculate the
contribution to the free energy of micellization due to the electrostatic interactions
between the heads of the surfactants. For that, we need to solve Equation 3.13 (for ionic
surfactants) or Equation 3.19 (for zwitterionic surfactants) -which accounts for the
contribution due to the electrostatic interactions between surfactant heads -, and these
equations contain an integral of the electrostatic potential at the micelle surface as a
function of the surface potential. The Composite Simpson’s Rule is used to obtain the

numerical result of these integrals.

To calculate the most stable state of the surfactant + electrolyte aqueous
solution, we minimize the expression for the free energy (Equation 3.11) with respect to
some optimization parameters. Two sets of optimization variables were defined: one for
solutions of surfactants and salts where it is not expected to obtain vesicular micelles,
and the other for solutions of surfactants and salts where it is expected to obtain
vesicular micelles. For the first ones we defined the optimization variables to be the
number of micelles formed (Ng), the number of surfactants on each micelle formed or
aggregation number (g) and the degree of biding (B;) of ions to the surface of the
micelle. For vesicular micelles, the set of optimization variables included the same ones
defined above and also the number of surfactants on the intern layer of the vesicle (g;)

and the Radius of the outer part of the vesicle (R,).
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In this work we did not consider the size distribution of the micelles because we
are interested in analyzing conditions close to the critical micelle concentration, at
which narrow size distribution of the micelles are formed [22]. The optimization was
performed with the deterministic algorithm fimincon from Matlab which is a constrained
nonlinear optimizer based on the trust region reflective algorithm. The optimization
parameters Ny and g were constrained to be only positive numbers, as we cannot have a
negative number of micelles being formed or micelles with a negative number of
surfactants. Also, by definition, the number of surfactants in the micelle should be
bigger or equal to 2. The degree of binding of the ions (;) is constrained between 0 and
1. Regarding the optimization parameters g; and g for vesicular micelles, there is a
constraing due to the fact that the number of surfactants in the inner part of the micelle
(g;) cannot be greater than the total number of surfactants in the micelle (g). The
proper definition of the optimization variables is a very important step when we are
minimizing the Gibbs energy (if we over specify the number of parameters to be
minimized we might obtain a sharp Gibbs energy function and erroneous interpretations

of the results).

Each most stable state is obtained for a specified condition at fixed temperature,
pressure, salt and surfactant concentrations. From this state we are able to obtain the
number of micelles formed, their size and shape. To validate our model we compare the
predictive calculations with critical micelle concentration (CMC) data. Experimentally,
the critical micelle concentration (CMC) is defined as the concentration where there is
an abrupt change on one property of the surfactant solution. The approach used here is
the same proposed by Santos et al. [22] to calculate the critical micelle concentration
from the minimization of the free energy of the surfactant solution. To obtain the CMC,
we perform different simulations of a solution containing an increasing amount of
surfactant. Then, for each solution with a different amount of surfactant added we
performed the minimization of the Gibbs free energy. This procedure makes it possible
to relate the total number of surfactant molecules added (Ns) with the number of free
surfactant molecules in the solution (N;). The CMC is then defined as the concentration
of surfactant added (Ns) where an inflexion of the curve is observed. To obtain this
point automatically, a regularization function is used which relates N; as a function of

Ns, and it is presented in equation 4 of the Appendix A.
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3.4 Results and discussions

First, to observe the impact of electrostatic correlations on the electrostatic

contribution to the free energy of micellization (Aug/ kT)l,om,C we fixed the

optimization variables, temperature, surfactant and salt concentration and observed how
the variation of the correlation length (I.) impacts on this term. A higher correlation
length represents a system where electrostatic correlation interactions are stronger. For
the surfactant sodium dodecyl sulfate (SDS) we performed this analysis for a solution
containing sodium chloride (NaCl) and one containing calcium chloride (CaCl,) (Fig.
3). We can observe that increasing the electrostatic correlations length on the system,
the electrostatic contribution to the micellization increases, increasing the electrostatic
repulsion between the surfactant heads. It is important to notice that here we opted to
consider the correlation length is equal to the mean hydrated radii of the ionic species as

suggested elsewhere [26]. Therefore, larger ions will contribute to increase the

0 . .
(Au 9/ kT)iom,C contribution.

To validate the proposed methodology we calculated the CMC for different
surfactant aqueous solutions with different salts, both monovalent and multivalent, for a
wide range of salt concentration. The ionic surfactants analyzed were sodium dodecyl
sulfate (SDS) and dodecylpyridinium chloride (C,PyCl), and the zwitterionic
surfactants are dodecyl n-betaine (Cj,-betaine), and decyl lecithin (Cip-lecithin). As the
focus of this work is to obtain a better description of micellar solutions at elevated salt
concentrations and/or in the presence of multivalent ions, we concentrated our analysis
for two different salts: sodium chloride (NaCl) and calcium chloride (CaCl,). For a
specific analysis of the ionic specificity effects please refer to the work of Moreira and
Firoozabadi [11]. The proposed methodology converges for values reported by the
Moreira and Firoozabadi work when the electrostatic correlation is neglected (i.e.,

I, = 0).
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Figure 3 - Electrostatic contribution to the free energy of micellization as a function of
the dimensionless correlation length for the systems SDS + NaCl (a), and (b) SDS +
CaCl,. The variables, the temperature, and the salt concentration and surfactant

concentration were fixed. (T = 25°C, ¢ = 0.5M, cCgpyf = CMCSDS)

Figure 4 presents the critical micelle concentration (CMC) of SDS as a function
of the salt concentration for NaCl (a) and CaCl, (b) compared to experimental data.

Sodium dodecyl sulfate is an anionic surfactant and, when in aqueous solution, the

38



sodium 1on unbinds from its head. In the event of the formation of a micelle, this
unbound cation might reconnect again to the surfactant head present on the surface of
the micelle. If there are different kinds of cations on the solution they also can bind to
the surface of the micelle. As the final charge on the micelle surface is a function of the
amount of those counterions bound to it. Therefore, the stability of the micelle formed is
a function of which and how much counterions are bound on the micelle surface. In the
first example, Na' is the counterion from the surfactant head and from the added
electrolyte. In the second case, the counterion from the added electrolyte is calcium, a
divalent ion. Their different charges impact on the amount of counterion binding to the
micelle surface, and also on the critical micelle concentration. Furthermore, the increase
of the aggregation number (g) as the salt concentration increases is observed for both

cases as shown in Figure 5.
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Figure 4 - Calculated (continuous line) and experimental critical micelle concentration

for solutions containing (a) SDS and NaCl, and (b) SDS and CaCl, both at T = 25°C.

Points are experimental data from [27-30].
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Figure 5 - Calculated aggregation number (g) of micelles for the systems SDS and
NaCl (a), and (b) SDS and CaCl, both at T = 25°C.

These calculations predict the substitution of the counterion from the surfactant

head with the bivalent ion from the added salt, as expected from experimental
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observations. Lima et al. [3] observed experimentally that multivalent counterion
caused a larger aggregation number (g) as the counterion concentration increased. The
same was shown by Koroleva and Victorov [2] for monovalent ions and three different
ionic surfactants. For both cases studied we verified the reduction of the critical micelle
concentration with the increase of salt concentration, and that is a feature observed
already experimentally. Besides that, it is also known that multivalent ions provide the

formation of larger micelles [23], what is observed by our model.

The model also provides the degree of counterion biding on the surface of the
micelle. For a solution containing the surfactant SDS and NaCl, both the counterion
from the surfactant head and the counterion from the added salt are the same (sodium).
Thereby, we expect that the degree of biding of the counterion from both sources have a
similar value. For the solution with SDS and NaCl 4mM, the degree of binding for the
counterion from the surfactant head was equal to 0.27 and for the counterion from the
added salt was equal to 0.24, then the behavior was as expected. Now for the SDS
solution with 12.5mM of CaCl, the degree of biding of ion sodium (from the surfactant
head) was equal to 0.002 while for the ion calcium was 0.14. For the solution of SDS
and 2.5mM of CaCl,, the ion sodium presented a degree of binding equal to 0.004 and

the 1on calcium 0.22.

For a cationic surfactant, when NaCl and CaCl, are added, the counterion is for
both cases the chloride ion. Therefore we expect that both salts would have similar
effects on the micellization of cationic surfactants. From Figure 6 we can see that
crititical micelle concentration (CMC) of the cationic surfactant dodecylpyridinium
chloride (C;,PyCl) is slightly impacted on a higher way on the presence of multivalent
electrolytes. This is explained by the fact that for the same salt concentration, the
concentration of chloride ions is larger for the multivalent electrolyte than for the
monovalent one. But the reduction on the CMC is on the same order of magnitude for
both salts, which was not the case for the SDS example, where the NaCl concentration
has to be much higher than the concentration of CaCl, in order to obtain the same

reduction on the critical micelle concentration.
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Figure 6 - Critical micelle concentration as a function of salt concentration for solutions
containing (a) dodecylpyridinium chloride and NaCl, and (b) dodecylpyridinium
chloride and CaCl,.
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To analyze aqueous solutions containing zwitterionic surfactants and
electrolytes, we modeled surfactant solutions of Ci,-lecithin and C,-n-betaines. It is
important to notice that C,-lecithins are known for forming vesicular micelles, so it is
important to consider on the model the geometrical restrictions of this kind of micelle.
The full geometrical relations for vesicular micelles can be found elsewhere [31-32].
Another important consideration when modeling C,-lecithins is that these surfactants
present a double tail, thus demanding small alterations on the contributions to the
micellization free energy [33]. In the other hand, C,-n-betaines tend to form smaller and

spherical micelles as can be observed in Table 2.

Table 2 shows how the addition of NaCl and the increase in the surfactant
concentration influences on the size of the formed micelles. As it is observed from our
calculations and from experimental data [34], the aggregation number (g) shows a very
small change when electrolytes and surfactants are added to the solution on the same

proportion.

Table 2 - Effects of the increase of the surfactant and salt concentration on the
aggregation number (g) for T = 25°C for the surfactant the surfactant dodecyl n-

betaine.

Cip-n-betaine  NaCl g g
[M] [M] (model) (experiment) [34]
0.197 0 63 80
0.194 0.194 70 85
0.467 0.467 69 82

As observed by different experimental works [17, 34] and also predicted by our
model (Figure 7), ions from the added salt do bind to the surface of the micelle formed
by zwitterionic surfactants. Because they are more polarizable, anions tend to have a
degree of biding (8) higher than the cations. As we can see, comparing Figures 7(a)
and 7(b), the degree of binding of the anion for the multivalent salt is higher than the
one for the monovalent ion and again can be related to the larger concentration of

chloride ions in the CaCl, salt, when compared to the same salt concentration of NaCl.
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Furthermore, Priebe et. al. [35] observed that regardless the order of the charges
on the dipole of the zwitterionic surfactant, micelles are preferentially associated to
anions than to cations, leading to negative zeta potentials. Our model showed to be able
to predict this trend, as the surfactants n-betaine and lecithin have opposite order of their
dipole charges and both of them presented a larger degree of binding for the anions, as it
can be seeing in Table 3 where we present the results for the Cy,-lecithin surfactant and

NaCl.

Table 3 - Degree of counterion binding to micelles of C;,-lecithin surfactant at different

NaCl concentrations at T = 25°C.

Ci2-lecithin NaCl Bra Be
[M] [M]
0.016 0.007 0.13 0.31
0.008 0.1 0.095 0.28
0.008 0.4 0.084 0.27
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Figure 7 - Degree of ion binding (f8) on the surface for the surfactant Ci,-n-betaine. (a)
with NaCl, where the continuous line is the model prediction of f for the chloride ion,
the dashed line is the prediction of B for the sodium ion, the squares are experimental
data for chloride, and the triangles experimental data for sodium. (b) with CaCl,, where
the continuous line is the model prediction of B for the chloride ion, the dashed line is
the prediction of B for the calcium ion, the squares are experimental data for chloride,
and the triangles experimental data for calcium. All the experimental data was obtained

from the work of [34].
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Finally, in Figure 8 we observe that the model is also able to predict that the
degree of ion binding in the surface of a zwitterionic surfactant reduces as the length of
the surfactant tail increases. This behavior was experimentally observed by Okano et al.
[36]. The authors suggested that a larger alkyl group near the head of the surfactant

reduces the Coulombic repulsions between the surfactant heads.
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Figure 8 - Degree of ionic binding () on a system containing NaCl (0.4M) and C,-n-
betaine at the critical micelle concentration, as a function of the length of the surfactant
tail. The continuous line represents f for the chloride ion and the dashed line for sodium

ion.

3.5 Final Remarks

Here we analyzed the effects of electrostatic correlation on the micellization
phenomena. We improved the classical molecular thermodynamics approach by
considering a modified version of the Poisson-Boltzmann equation (BSK model) to
better calculate the electrostatic contributions. Electrostatic correlations had shown to
increase the electrostatic contribution to the micellization. This effect is particularly
relevant for solutions containing concentrated and/or multivalent electrolytes. The

proposed model showed to be able to predict experimental data of critical micelle

47



concentration (CMC) for a large range of salt concentrations. Furthermore, we were
able to predict the tendency of ion binding on the surface of zwitterionic micelles
supported by experimental data, which reassures the model assumptions and contributes

to its validation.

All the analyses presented here confirm the importance of ionic electrostatic
correlations for micelle formation and that the micellization phenomena can be
calculated by the completely predictive model proposed here. This approach can be

extended for microemulsions and may be useful for the design of surfactants.
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Chapter 4: Effects of electrostatic correlations
and asymmetric ion sizes on the differential

capacitance

4.1. Introduction

Differential capacitance (Cp) is essential information of electrochemical systems
and it is used as an aid to understand the characteristics and behavior of the electrical
double layer of a particular system. It shows how the structure of the electrical double
layer (EDL) behaves as a function of the applied potential over an electrode. This
structure acts contributing or preventing the transport of electrons to the surface of the
electrode and, consequently, impacts on the kinetics of electrochemical reactions in the
system (e.g. electrosynthesis, corrosion and charging/discharging of batteries) [1].
Because of that, the performance of these systems depends mostly on the electrical

double layer close to the electrodes.

The dependence of the differential capacitance with the voltage, C,(U),
quantifies the response of a capacitor of varying capacitance to the variation of the
applied voltage. The shape of the differential capacitance curve varies depending on the
kind of electrolyte used. For example, the differential capacitance of diluted electrolyte
aqueous solutions usually is a camel shaped C,(U) curve. For highly concentrated
electrolyte solutions, bell shaped differential capacitance curves are observed.
Following these facts, it would be expected that ionic liquids (liquid electrolytes with no
solvent) would present a differential capacitance curve tending to a bell shape — just as a
very concentrated electrolyte solution. Nonetheless, what is observed is that ionic
liquids actually present a camel shape on their differential capacitance curve. The
reason for this behavior is still controversial. Most authors [2] support that the humps on
the differential capacitance curve arise from the effect of neutral tails of one of the ions,
which would behave as a solvent on an electrolyte solution, while other authors [3]
affirm that the camel shape is due to the loss of the effect of van der Waals attractions

near a charged electrode.
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Another observation obtained from Cp data is that the width of the electrical
double layer increases as function of the applied potential for high values of the surface
charge. When trying to model this behavior, the classical Poisson-Boltzmann equation
is not able to predict it, nor the camel shape of differential capacitance curves, unless

steric effects are considered [4].

The objective of this work is to obtain an approach for modeling the differential
capacitance of ionic liquids where the asymmetry of the ions (shape and size) is
considered together with ionic electrostatic correlations. The model is validated by
comparing our results with differential capacitance data from experiments, molecular

simulations, and density functional theory (DFT) simulations.

4.2 Differential capacitance of ionic liquids

As mentioned before, the C;(U) curve for ionic liquids has been reported to
have a camel shape, thus containing two asymmetrical peaks. From experiments with
ionic liquids, it was observed that the difference between both peaks of the differential
capacitance is associated with size difference of both ions. For example, a higher value
of Cp close to the positive electrode can be attributed to the smaller size of anions that
are able to pack more closely to the electrode surface, creating a stronger structure of
the electrical double layer. One aspect observed by Li et al. [5] for two ionic liquids,
with the same anion but with different alkyl chain length of the cation, is that the
electrical double layer is more structured for the longer cation chain. This can be
explained by the fact that a longer alkyl chain would increase solvophobic interactions,
and for consequence the organization near the electrode. Costa et al. [6] also observed
that, by increasing the alkyl chain of cations, the width of the electrical double layer
also increases, suggesting that there is a multilayer of interpenetrating layers of cations
and anions on the interface of the electrode. These multilayering and packing observed
in systems containing ionic liquids indicate that ionic electrostatic correlation effects do

play an important role and cannot be neglected.

53



4.2.1 Modeling the Differential Capacitance

The majority of the attempts to describe the behavior of ionic liquids rely on
molecular simulations and density functional theory (DFT) approaches [7-10]. Although
they have enabled us to understand several peculiarities of ionic liquids, their elevated
computational cost is a drawback and causes difficulties to use them as simple
methodologies to describe and design systems and processes containing ionic liquids.
Furthermore, they are not recommended when trying to describe the impact of several
parameters and conditions, nor for large and complex systems. In order to fulfill this gap
on the description of ionic liquids, the mean field theory approach with a adequate
modified Poisson-Boltzmann equation can be an alternative of low computational cost.
In this case, data obtained from molecular and DFT simulations can be used to validate
and refine mean field theory models.

In the following items we describe some of the most important observations
obtained by different methodologies to model the differential capacitance of ionic

liquids.
Modeling of ionic liquids by molecular dynamics

As ionic liquids are very large molecules, an usual approach is to model them as
charged hard spheres. Fedorov and Kornishev [11] used this approach in molecular
dynamics to simulate an ionic liquid placed between two charged plates. The cation and
anion were modeled as hard spheres of different sizes. In this work they observed that
short-range ionic correlations were responsible for the overscreening effect, which
cannot be predicted by the fundamental mean field theory. They also observed that size
asymmetry of ions resulted on the characteristic asymmetric camel shape of the
differential capacitance curve. Later, Kornishev ef al. [12] expanded their previous
analysis and considered that anions and cations would differ in sizes and charge
densities. The cations, composed by two hard spheres, one uncharged and one charged
sphere — would have the alkyl chain usually present in the cation of ionic liquids
represented by the uncharged sphere. This study brought the attention to the effect of a
neutral tail to the behavior of ionic liquids, which was later studied thoroughly by
Henderson et al. (2013). These authors observed that the neutral tail of ionic liquids

behave the same way as the solvent on an electrolyte solution, and this would explain
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why ionic liquids have differential capacitance curves similar in shape to the aqueous

electrolyte solutions.

Breitsprecher et al. [8] modeled an ionic liquid between two charged electrodes
using the coarse grained technique. They considered the ions as soft spheres, which
could be of different sizes and valences. Their work made possible to reproduce
qualitatively the behavior of the differential capacitance, as a function of both size and
valence of the ions. Furthermore, the authors were able to predict a transition between
the shapes of the Cp, (U) curve, from camel to bell shape by just changing the density of
the ionic liquid. This might indicate that the free volume of an ionic liquid is a relevant
parameter when considering the position of each peak of the differential capacitance
curve. These peaks would be located closer to each other for ionic liquids with a very
low free volume, with the extreme case being the one where both peaks are so close
together that they merge to form a bell shaped differential capacitance curve — the same
shape observed on the differential capacitance curve of highly concentrated aqueous
electrolyte solutions. On their following work, Breitsprecher et al. [9] considered that
the cation had a triangular geometry. This made possible to observe that the distribution
of charges over a complexly shaped cation impacts on the cation orientation close to the
charged surface. This structure close to the electrode showed to strongly influence the
behavior of the differential capacitance. Merlet et al. [14] also observed through
molecular dynamics simulations of ionic liquids that the orientation of the ions close to
the charged surface impacts on the electrical double layer structure, and then on the

differential capacitance.

Besides the characteristic of the ionic liquids being analyzed, the electrode might
also play an important role on the behavior of the differential capacitance. Vatamanu et
al. [15] used atomist simulations to predict the differential capacitance of the ionic
liquid [C,mim][TFSI] between flat and rough electrode surfaces. The same way as
experimentally observed [1,16] Vatamanu et al. [15] observed that the structure of the
electrode surface (if it is smooth or rough) also affects the values of differential
capacitance, but not the shape of the Cp(U) curve. Here, we opted to consider that the
ionic liquid is placed between flat blocking electrodes in order to observe just the

influence the differential capacitance in ionic liquids.

Modeling of ionic liquids by density functional theory
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Density functional theory (DFT) had also being applied to describe the
differential capacitance of ionic liquids. The same way as molecular simulations, the
DFT approach was able to predict the transition between the camel and bell shape of the
differential capacitance curve. Furthermore, Liang et al. [17] and Ma et al. [7] predicted
the formation of alternating layers of anions and cations close to the electrode surfaces,
which is not predicted by the Classical Poisson-Boltzmann approach, but that it can be
predicted by the inclusion of the electrostatic correlations on the modified Poisson-

Boltzmann equation.

Modeling of ionic liquids by Poisson-Boltzmann equation

When using the Gouy-Chapman simplification of the Poisson-Boltzmann
equation, the curve of differential capacitance as a function of the electrode potential
diverges for high voltages, which leads to a U-shaped curve. Furthermore, it neglects
free volume effect by considering ions as point-like charges, which makes it unsuitable
to be used to describe any electrolyte solution that is not diluted. In order to overcome
the restrictions of the Gouy-Chapman approach, Kornyshev [18] took into account the
effects of the ion sizes. Instead of the U-shaped differential capacitance curve,
Kornyshev [18] observed a differential capacitance curve with its maximum located
close to the potential of zero charge, i.e., a bell-shaped curve. This approach was
derived from a mean-field lattice-gas description of a concentrated electrolyte and the
observed bell-shape of the differential capacitance is the same as the one predicted by
the Bikerman-Freise model for an aqueous electrolyte solution when the solvent
concentration is zero [11]. If we consider that an ionic liquid is incompressible with no
free volume, this would be the expected behavior of its differential capacitance.
However, the camel shaped curve is experimentally observed, and cannot be described

by their approaches.

4.3 Theoretical formulation

Here, we coupled the modified Poisson-Boltzmann equation that takes into

account electrostatic correlations together with a lattice model to account for free-
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volume and ionic size asymmetry on the ions of ionic liquids. To consider the steric
effects we modified the approach developed by Han ef al. [19].
In this approach [19], the Helmholtz free energy of the system can be defined as:

F=ep(N,—N_)—kTInQ (4.1)

Where N, and N_ denote the number of cations and anions respectively, ¢ is
the mean-field electrostatic potential, e is the elementary charge, T is the temperature, k
the Boltzmann constant and Q is the number of possible different configurations of the
ions in the lattice. Following Han ef al. (2014), we computed Q = Q,Q_. We also
considered that the anions are hard spheres of radius 7— and the cations are chains of

tangent « hard spheres with radius ;. each as illustrated on Figure 9.

Figure 9 - Schematic 2D representation of the lattice model for ionic liquids considering

that cations are larger than anions.

Regarding the consideration of spaces on the lattice, molecular simulations have
predicted large free volume (cavities) inside ionic liquids justifying that some sites of

the lattice may not be occupied by any ion [20].

We can calculate Q, following Han et al. (2014) as:
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(4.2)

It is convenient to define a parameter that describes the degree of asymmetry
between the cation and the anion. Then we can define the parameter £ as the ratio

between the anion and cation volumes.

T'3

V- -
—=— (4.3)
Vi ar
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For a large number of ionic liquids it is expected that ¢ varies from 0 to 1. Thus,
the number of vacancies in the lattices left for the anions is [(N — aN,)/&], where the

brackets denote the integer part of this number. Then Q_ is given by:

[(N —aN,)/¢]!

Q= (4.4)
N_!([(N —aN,)/§] — N_)!
And the total number of configurations is:
N! N —aN !
0= [( aN,)/¢] (4.5)
aN, ! (N —aN,)! N_!([(N —aN,)/&] — N_)!
Using the Stirling approximation, is (for N > 1)
InN!'~NInN —N (4.6)
the partition function Q can be rewritten:
InQ=NInN+[(N—-aN,)/é]In[(N —aN,)/&] — aN, InaN,
—(N—aN,)In(N—aN,)—N_InN_
(4.7)
+{[(N —aN,)/§] = N} In{[(N — aN,)/§] — N_}
From Egs. (4.1) and (4.7), we can express the chemical potential of each ion:
_OF 4.8
.u+ - aN+ ( : )
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N—(XN_l_

a
u+=e¢>—kT{——ln[ ]—alnaN++a1n(N—aN+)

af N — iN (4.9)
+zln <T+ - N_)}
u = :TF_ (4.10)
U= —ed— kT {m ([@] _ N_) _ lnN_} @.11)

For the ions in the bulk, far from the charged electrode, we have ¢ = 0 and

N, = N_ = N, and their chemical potentials are:

Uio = —kT {—%ln [@] —alnaN, + aln(N — aN,)
()
Uy = —kT {m ([@] _ NO) “In NO} 4.13)

Considering the local chemical equilibrium states, the chemical potential of each

component is the same anywhere. With this we can write the following equalities:

Wy —Hio =0=eg

e M N—an,] "N, T E N —an,
+al (N—aN+—§N_>} (4.14)
¢ "\N—aN, — ¢N,
o N —aN, — éN_ N_ (4.15)
Homho=0=—ed kT{ln(N—aNO—ENO) nNO}
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Using the auxiliary parameters of porosity (y) and compressibility (1):

2N,
- 4.16
Y="x (4.16)
2 ¢ (4.17)
= —— — .
7 Y

ex (—%)—l[z—aci—ic—_ +C—_=O (4.18)
P kT nty Co Col € '
¢ 112 T 112 5
) (et e (] Te
expl-—=)—-|=-|-—a——¢—|)] +—+|=-|-—a— =0 :
p(kT) <n [y Co Eco Co nly Co

When a = 1, equations 4.18 and 4.19 recover the model proposed by Han et al.
(2014).

4.3.1 Differential capacitance model

From its definition, the differential capacitance (Cp) is a parameter that relates
the dependence of the charge (o) of an electrode surface as a function of the applied

potential (¢) for a given condition (considering constant u, T, and P). Then we have:

Cp = (ag) (4.20)

O-l/) uT,P

To predict the differential capacitance of ionic liquids using the mean field
approach, we consider that the electrostatic potential (¢p) can be described using the
fourth order Poisson equation (BKS model) [21] — where the electrostatic correlations
are taken into account, and the charge density expression (p) includes the effects of the
size asymmetry of anion and cation. Both expressions are presented below, where [, is

the electrostatic correlation length.

(12 V4 — V2y) = p (4.21)

p=e(c;—c) (4.22)
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For a better mathematical treatment of these expressions we defined dimensionless

variables, as follows:

l[.=— 423

ep
= 4.24

Y= kT (424)
X

¥ =— (4.25)
Ap

~ P

p= _eCO (4.26)

Where the square of the Debye length (43) is:

ekT
A% = 4.27

Then on the dimensionless form we have:
[2Vty —V2y =p (4.28)

To study the differential capacitance of ionic liquids in blocking electrode, we
consider flat electrode and a one-dimensional problem:
odty d*y
Cam @ =P -
To solve it using the solver for boundary value problem bvp4c on Matlab, we
need to transform the previous fourth order differential equation into four first order

differential equations. For that, we define the following group of auxiliary variables.

u= ﬁ (4.30)
dy (4.31)
b, = FE;
du (4.32)
u1 —_ ﬁ
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Then the resulting set of equations is:

1w+ 433
& T p(x) +u (4.33)
o, (4.34)
ax
du (4.35)
M
dy (4.36)
a7 V1

The boundary conditions are defined at the surface of the electrode (¥ = 0) and

on the bulk of the electrolyte solution X — oo. The boundary conditions are defined as:

Ylz=0 = Yo (4.37)
VY0z=o = 0 (4.38)
d3y

—_— = O

= (4.39)
d?y
—_— = O
& (4.40)

When using the auxiliary variables from Egs. 4.30 to 4.32, the resulting set of
boundary conditions used to solve the set of first order differential equations 4.33 to

4.36 becames:

Ylz=0 = Yo (4.41)
Y]g=coc = 0 (4.42)
Uplg=0 =0 (4.43)
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Ulge = 0 (4.44)

After obtaining the profile of the electrostatic potential we can calculate the
differential capacitance (Cp) for a certain applied potential to the surface (y,). From
Equation 4.20, we can express the capacitance relative to the Debye-Huckel capacitance
(Cpy = €/2p) as follows (Storey and Bazant, 2012):

C 1 dy
—_— = 4.45
Cpy y(0) dx ( )
And considering the capacitance of the Stern layer Cgtern, Wwe will arrive on the final

expression for the differential capacitance(Cp):

1

1 N 1
CD C Cstern

(4.46)

In this work we considered the Cg-n, to be a constant. The capacitance of the
electrode (Cg;) is not taken into account because, for metallic electrodes or glassy
carbon electrodes, Cg; is usually very high and would not have a significant contribution
for the measured differential capacitance (Lockett et al., 2010). If the electrodes are

composed by semiconductors, Cg; must be considered.

4.3.2 Numerical strategy

The resulting set of partial differential equations was solved using the solver
bvp4c of Matlab. This solver uses the collocation method for the boundary value
problems. One of its requirements is a good initial guess. Taking into account that this
problem must be solved several times, we used the result of former electrostatic
potential as a better initial guess for a higher potential. To describe one curve of the
differential capacitance we usually have its value calculated for different electrostatic
potentials on a range [—V,V]. Then on this approach we start with a positive and very
small value of electrostatic potential applied (¢,) and the numerical result of the system

of differential equations would be the initial guess for the next simulation considering a
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small increase (¢po + &) on the surface potential. The same procedure is repeated to

cover the full range [V, V].

As the model presented here has three parameters that define the structure of
double layer in ionic liquids (compressibility y, ionic size ration &, and correlation
length [.) these parameters were analyzed and results obtained here were compared to
experimental, molecular simulation, and DFT data. For each set of data we defined the
parameters to be fitted and for the parameter fitting we performed the optimization by
using the Isqnonlin optimizer from Matlab, which is suitable for nonlinear data-fitting
problems. This tool searches for the parameters that lead to the minimum of the sum of
the difference between the differential capacitance obtained by our model and the one

from experiments (or molecular/DFT simulation), i.e. the objective function is F,p; =

2
Zi(CDlmodel - CDlexperimental) .

4.4 Results and discussion

To better understand the impact of ionic electrostatic correlations on the
differential capacitance of ionic liquids, we first analyzed how the correlation length
affects the Cp(U) curve. For that, we fixed all other parameters of this model and
considered a hypothetical ionic liquid that has a cation larger than the anion. In this
work we follow the definition of the correlation length proposed by Alijo et al. [23]
where the correlation length is defined as a function of the radius of the electrolyte ions.
Because of that, the size of the electrolytes and the correlation length are directly
related. From Figure 10 we can observe that while increasing the correlation length, the
dimensionless differential capacitance reduces significantly. This can be related to the
modification on the permittivity of the electrical double layer due to electrostatic
correlations effect. This is particularly important when describing differential
capacitance with mean-field approaches because they tend to overestimate the value of
Cp , and attempts to fit them to experimental data might lead to a super estimation of
steric effects on the system, resulting on the prediction of larger ions than they really are

[22].
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Figure 10 — Differential capacitance (Cp) of ionic liquids obtained from the proposed
model as a function of the dimensionless applied potential (yq). The continuous line is
for the correlation length (I.) equal to 5 A4, the dashed line represents I, = 10 A, and
the dotted line [, = 15 A. We fixed T = 25°C, ¥y = 0.1, and § = 0.5. We also fixed
Cstern = 125,e =5and T = 25°C.

We also analyzed the impact caused by the ionic liquid compressibility (y) on
the differential capacitance calculated by the proposed model. The way the
compressibility is defined here reflects the magnitude of the amount of free volume
present in the ionic liquid. A small compressibility parameter y means that there is a
small amount of ions occupying a certain volume of ionic liquid, which implies that
there is a large amount of voids in this ionic liquid. From Figure 11, we can observe that
as we increase the value of y, the peaks of the differential capacitance curve tend to get
closer. In the limit of this behavior, larger y, the model converges to a bell-shaped
capacitance curve as observed using DFT and molecular simulations by, respectively,

Jiang et al. [17] and Fedorov & Kornyshev [11].
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Figure 11 - Differential capacitance (Cp) of ionic liquids obtained from the proposed
model as a function of the dimensionless applied potential (yq). The continuous line is
for the compressibility parameter (y) equal to 0.001, the dashed line represents y =
0.01, and the dotted line ¥y = 0.1. We fixed T = 25°C, I, =10 A4, and § = 0.5. We
also fixed Cgtepn = 125,€ = 5and T = 25°C.

We analyzed the impact of the size asymmetry of the ions in the differential
capacitance curve. For that, we considered three cases: the cation is ten times larger than
the anion (¢ = 0.1), the cation is two times larger than the anion (¢ = 0.5) and the
cation and the anion have the same size(¢ = 1). As we can observe from Figure 12, as
we change the ratio between the anion and the cation size (&), the difference of the
peaks of the capacitance curve starts to increase, and the largest asymmetry of those
peaks is observed for the biggest difference between the size of the anions. This is
explained by the fact that the smaller ion (in these cases the anion) is able to pack more
close to the charged electrode, increasing the differential capacitance for positive values

of potential applied to the electrode.
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Figure 12 - Differential capacitance (Cp) of ionic liquids obtained from the proposed
model as a function of the dimensionless applied potential (yg). The continuous line is
for the size ratio between the anion and the cation & equal to 0.1, the dashed line
represents & = 0.5, and the dotted line & = 1. We fixed T = 25°C, I, = 10 A , and
Yy =0.1.

4.4.1 Correlate differential capacitance data (parameter estimation)

In order to test the proposed model for describing differential capacitance of
different ionic liquids, we compared it to different sets of data, from experiments,
molecular simulations and from density functional theory approaches. As this model
considers some parameters that are not straight forward to be obtained because they are
related to the structural characteristics of the ionic liquids (compressibility, size ratio of
the ions, and correlation length), we performed a parameter fitting for each set of data.
The validation of the model is related with physical meaning of the parameters obtained

for each system.

The first set of data is from Kornyshev et al. (2008). In order to analyze the

effects of ion size asymmetries, Kornyshev et al. performed a Monte Carlo simulation
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of asymmetric ionic liquids, considering that the cation is represented by a different
number of beads. We first compare results from the proposed model to the results
presented by Kornyshev et al. [11] for an ionic liquid where the cation is represented by
two beads. In Figure 13 we can observe that our model (continous line) is able to
describe the same qualitative behavior obtained by the Kornyshev model (dashed line).
The very small value for the compressibility parameter (y) is associated with high free
volume expected for mixtures of dimmers and monomers. The same is observed for the
second case (Figure 14) where a cation is described by three beads. Again we obtain a
good description of the differential capacitance when compared to Kornyshev et al.
[11]. In this analysis we opted for also adjusting the correlation length (I.). For both
sets of data we obtained [, = 21.484 A and I, = 25.554 A. These values are very
close to the radius of the beads used in the molecular simulations performed by
Kornyshev et al. [11] (25 A), which helps to reinforce the methodology adopted by
Alijo et al. [23] where they define the correlation length as the radius of the ions in

solution, and suggests that the parameters obtained are physical and reasonable.
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Figure 13 — Comparison of the proposed model to the results obtained by Kornyshev et
al. [11] (dashed line) with two-bead cation and one-bead anion model for an ionic liquid
of € = 5at 100°C. The parameters are I, = 21.484 A,y = 0.0034, § = 0.13 and
we fixed Cgporn = 125.
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Figure 14 - Comparison of the proposed model to the results obtained by Kornyshev et
al. [11] (dashed line) with three-bead cation and one-bead anion model for an ionic
liquid of € = 5 at 100°C. The parameters obtained for this system are I, = 25.554 A
,¥y=0.0034, ¢ =0.272, and fixed Cgpoprp, = 125.

We also compared the differential capacitance of ionic liquids from our model to
the results obtained by Jiang ef al. [17] who used a density functional theory approach.
In their work they analyzed the impact of different ionic densities on the shape of the
differential capacitance curve. In Figure 15 we present the differential capacitance
curves (dashed lines) for two different reduced packing fractions, according to the
methodology presented by Jiang et al. [17], one equal to 0.5 that represents a very
dense ionic liquid, and one equal to 0.01, which is a less denser system. Then in our
simulation we aimed to adjust the parameter y that describes the compressibility of the
ionic liquid in order to verify how it varies for different conditions of packing of the

ionic liquid.
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Figure 15 - Comparison of the proposed model (continuous lines) to the results obtained

by Jiang et al. [17] using DFT calculation (dashed lines) for an ionic liquid with reduced
ionic density equal to 0.5 (gray dashed line) and equal to 0.01 (black dashed line). The
parameters are: for gray continuous line: I, =5.0 A,y =0.9, § =1, and Cgprp =
125, and for black continuous line: I, =5.0 A , y=0.002, &=0.9. The
temperature is fixed at T = 25°C, and the dielectric constant of the ionic liquid is

e=12.5.

As we can observe, our model is able to predict fairly well the differential
capacitance obtained by Jiang et al. [17], and the compressibility (y) modeled in our
work reduces as the density of the ionic liquid is reduced. This reassures the importance
of considering the effects of free volume of ionic liquids, and verifies that the
compressibility (y) parameter has a physical meaning and can be used to obtain

information about the packing fraction of ionic liquids.

Finally, we compared the C, calculated from the proposed model with
experimental data obtained by Lockett et al. [1] for the ionic liquid hmimCl at two
different temperatures 100°C and 120°C. As we don’t have information about the size
of the hmim" cation, or of the compressibility of this ionic liquid, we adjusted the

correlation length (I.), the compressibility (y), and the ratio of anion and cation sizes
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(&). We performed this adjustment for the Cp at 100°C, and applied the obtained

parameters to describe the data at 120°C.

The model was able to describe well the peaks of differential capacitance with
the parameters presented in Figure 16 and Figure 17. However, it was not possible to
provide good values of the differential capacitance curve close to the zero electrostatic
potential. Kornyshev et al. [11] with molecular simulations tried to describe the Cp data
for hmimCl at 100°C. Similar to our model, they were not able to describe the valley of
the differential capacitance curve. But when we compare our model to Kornyshev’s
molecular simulation we have a very good description of the valley observed by them,
the same way as our simulations are in accordance with the ones performed by Jiang et
al. [17] . That might be an indicative that some effects that are important at lower
magnitudes of applied potentials are not being considered by our model, and was also
not considered on Kornyshev’s Monte Carlo simulations, nor Jiang’s density functional
theory simulations. These effects might be related to long range screening interactions

at low applied voltages which are not included in our model.
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Figure 16 - Comparison of the proposed model (continuous line) to the experimental
data obtained by Lockett et al. [1] (dashed line) for hmimCl at 100°C. The parameters

are [, = 36.429 A,y =0.005, &§=0.1, and C,,,,, = 125. The dielectric constant

of the ionic liquid is considered € = 5.
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Figure 17 - Comparison of the proposed model (continuous line) to the experimental
results obtained by Lockett et al. [1] (dashed line) for hmimCl at 120°C. The
parameters are [, = 36.4 A, ¥ = 0.005, &= 0.1, and C,p,, = 125. The dielectric

constant of the ionic liquid is considered € = 5.
4.5 Final Remarks

Here, we provide a model to calculate the differential capacitance that takes into
account both the electrostatic correlations and the asymmetry in size and shape of ions.
Electrostatic correlations play an important role in the differential capacitance, being
responsible for the reduction of the magnitude of Cp. Furthermore, the present approach
is able to describe very well the differential capacitance of ionic liquids obtained by
both molecular simulations and density functional theories. When compared directly to
experimental data, the model provides good information of the peaks of the differential
capacitance curve, which are directly related to the ion sizes of the ionic liquid. For low
applied potentials our model does not predict well the differential capacitance which can
be associated to long range screening interactions between the ions that are not included

in mean field models.
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Chapter S: Analytical solution for the
electrochemical impedance considering

electrostatic correlation effects

Electrochemical impedance is a key property on the description and analysis of
the phenomena involved on systems under an applied alternated voltage. With the
advent of ionic liquids — which nowadays have been widely studied for several
applications including taylor-made electrolyte for electrochemical devices — the
electrochemical impedance spectroscopy can be important aid on the better
understanding of the behavior of ionic liquids close to charged surfaces. In this present
work, we aimed to analyze the effects of electrostatic correlations on a system
composed of blocking electrodes and an ionic liquid as electrolyte under an AC voltage.
Here, we obtained an analytical expression for the electrochemical impedance which
showed that electrostatic correlations can expressively change the behavior of the
electrochemical impedance, mainly caused by the overscrenning of the electrolytes

close to a charged surface.

Keywords: electrochemical impedance, ionic liquids, electrostatic correlations.

5.1 Introduction

Impedance, similarly as the resistance, represents the ability of a circuit to resist
the passage of current through itself. It is a very useful measurement as it reflects
different phenomena occurring in electrochemical devices (e.g. diffusion, faradic
reactions, adsorption, and the formation of electrical double layers, among others) [1-5].
Impedance spectroscopy has been widely used to describe a variety of systems
containing electrolytes. For example, impedance is used to obtain information about the
corrosion process of metallic structures and formation of oxide films [6-9], mass
transport and charge transfer on the surface of electrodes [10], and supported ionic

liquid membranes [11,12].
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The electrochemical impedance can also be a tool to understand the behavior
and properties of room temperature ionic liquids (RTIL). Nowadays there is an
increasing interest on the use of ionic liquids. This can be attributed to their special
ensemble of properties which makes them suitable for different applications: batteries,
supercapacitors, chromatography, solar cells, and others [13]. Modeling the impedance
of ionic liquids can be a helpful way to understand the phenomena involved in the
double layer formed close to charged surfaces and to better understand the behavior

observed experimentally.

In the literature we find works where the impedance is modeled on a
phenomenological basis, however none of them have a deep description of the
electrostatic behavior of the system. For example, Ferrari et al. [14] presented an
analysis of the influence of the radial and normal contributions of local current density
to local electrochemical impedance. For that they performed an experimental analysis of
a system with tri-electrode probe and compared their results with mathematical models,
both for blocking electrodes and electrodes with Faradic reactions using cylindrical
coordinates to take into account the shape of the disk electrodes. To describe the
electrostatic potential on that system they used the Laplace equation, not considering

any non-electrostatic effects neither electrostatic correlation.

Previous works from Huang et al. [15-17] have mathematically analyzed the
global and local impedance for blocking electrodes, and for electrodes with faradaic
reactions. Even though they didn’t consider any electrostatic correlation or non-
electrostatic effects on the description of the electrostatic potential, they were able to
observe a constant-phase-element behavior on disk electrodes. The same way as ref.
[14], they considered only the Laplace equation to describe the behavior of the
electrostatic potential. More recently Michel & Montella [18] developed a very detailed
computational approach to model the admittance and impedance of disk blocking
electrodes. For that, they considered a non-uniform current through the electrodes and
used an infinite series solution method. This made possible to them to observe the effect
of ohmic and interfacial contributions to impedance, however once again considering

only Laplace’s equation to describe the behavior of the electrical potential.

For modeling ionic liquids it is necessary to describe the system as molten salts

at low temperature, which present special features. As they are basically electrolytes
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with no solvent, the interactions between the ions are much stronger than the ones
observed in dilute solutions. Therefore, traditional approaches that are used to model
dilute electrolyte solutions are not adequate to describe ionic liquids. One of the main
effects that must be taken into account when modeling ionic liquids is the ionic
electrostatic correlations which have been shown by Bazant et al. [19] on the so called
BSK model, to play a key role on the behavior of ionic liquids close to charged surfaces.
The BSK model was obtained through a gradient approximation for nonlocal
electrostatics between different interacting ions. In this model the permittivity is a
differential operator that is a function of a correlation length. With this approach it was
possible to capture aspects of the behavior of electrolytes described by molecular
dynamics and, at the same time, be simple enough to be used on the description of
complex systems, as for example, electrokinect flows [22]. Molecular dynamics
simulations [21] had also been used to verify the effects of electrostatic correlations in
dense ionic solutions, showing that the correlation length tends to increase with the

increase of the ionic strength, with its limit being for ionic liquids.

The BSK model does well for large voltage when compared to molecular dynamics
simulation [19,22] and also helps to describe electrokinetic phenomena [20,23].
However it does not describe the very long range (many times larger than the Debye
length) for electrostatic screening with charge oscillations in ionic liquids and
concentrated electrolytes, although it predicts a slightly increase on the screening length

with the same scaling as predicted by Smith et al. [24].

Recently, Jiang et al. [25] applied the BSK model to describe the behavior of
room temperature ionic liquids inside conical pores. This model made possible to
predict the occurrence of rectification for different surface charges densities of the
pores, a behavior that was only experimentally observed before. This motivates and
supports the application of the BSK model to describe complex systems, especially the
transport of ions of ionic liquids in non-equilibrium conditions. Also Lee et al. [26]
performed a dynamical analysis of the transport of ions considering a mobility matrix
and obtained the same expression for the modified Poisson-Boltzmann equation as the
one in the BSK model. Furthermore, electrostatic correlations had shown to be directly
related to the osmotic pressure of ionic liquids close to charged surface [27]. Yochelis

[28,29] have also shown that electrostatic correlations are a key on understanding and
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describing nomonotonic and monotonic decays on the diffuse layer of ionic liquids

under confinement.

It is important to notice, that the BSK model, up to now, has been applied mostly
to systems under direct current, the only exception is the work of Alij6 et al. [30] which
showed that electrostatic correlations play an important role in the transient behavior of
charging and discharging processes. Then developing a model for electrochemical
impedance considering electrostatic correlations also contributes to a better treatment of

AC systems.

The consideration of electrostatic correlations is also important on the
description of the behavior of highly concentrate electrolyte solutions, being applied to
aqueous electrolyte solutions in biological ion channels, describing very well
experimental data of single channel current [31], ion exchanging mechanisms [32],
activity of single ions in strong electrolyte solutions [33], and as well to describe

biological calcium channels such as heart muscles [34].

The goal of this work is to obtain an analytical expression for the
electrochemical impedance of blocking electrodes considering the effects of ionic
electrostatic correlations using the mean field approach by the BSK model. Here, we
consider a symmetric electrolyte under an AC voltage in order to obtain an analytical
expression. This analytical expression allows us to observe features of the equivalent
circuit of the electrode for monovalent electrolyte solutions and monovalent ionic

liquids.

5.2 Mathematical Approach

Impedance is a measurement of the ability of a circuit to resist the passage of
current through itself, as a function of the frequency of the voltage applied to it.
Analogously to the Ohm’s Law for the resistance we can obtain an expression for the

impedance (Z) as a function of the voltage (¢) and the current (I) at a time t [35].

/=

0]
= (5.1)
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In this work we analyzed the effects of electrostatic correlations on the
electrochemical impedance of blocking electrodes (Figure 18). As the roughness of the
electrodes is important on the behavior of the electrochemical impedance [36], we
considered that the modeled electrode has a smooth surface, so we could observe solely
the influence of electrostatic correlations. Then to obtain the analytical expression of
Z we need an expression for the electrostatic potential (¢p) and for the transient
capacitive current (J) acting over the circuit. In order to obtain them, we modeled a
symmetric, binary electrolyte solution or ionic liquid, considering the effect of
electrostatic correlation using the Fourth Order Poisson Equation. Figure 18 presents the

scheme of the modeled system.

—
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Figure 18 - Blocking electrodes configuration, separated by a distance of 2L.

The electrodes are subject to an applied AC voltage and we consider a linear
response in a neutral solution, which means that the sum of the concentrations of cations
and anions are approximately constant at any position and time [c,(x,t) + c_(x,t) =
2¢cy = constant]. This approximation is valid for low concentrated solutions and/or
low applied potential. In order to obtain an analytical solution we considered that both
ions have the same valency (|z.| = z) and the same constant ionic diffusivity (D, =

D).

To model this system we start describing the conservation law through the

Nernst-Planck equations for the anion and the cation, as follows:
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(5.2)

dcy (0%cy N 0 zecy d¢p
ot  \dx2 ~0x kT ox)

where e is the elementary charge, k is the Boltzmann constant, D is the diffusivity,

considered equal for both ions, and T is the temperature.

We subtract one equation from the other and consider the expression of the

charge density p = ?(c+ — c¢_) (for symmetric electrolytes) and the neutral solution

assumption ¢, (x,t) + c_(x,t) = 2c, so that we can obtain the following expression:

ap 0%p (ze)?2c¢y0%¢
—=D . 53
T <£6x2+ KT 02 (5-3)
Identifying the square of the Debye length (13).
kTe
Bo=— (5.4)

D= (ze)?2c,

Now it is necessary to define the expression that describes the electrostatic
potential (¢). For that, we use the fourth order Poisson equation which takes into
account the effect of electrostatic correlations by considering that the permittivity can be
described as linear differential operator, as a function of the correlation length (I.)

(Bazant et al., 2010).

, 0% _0%°¢ _ (5.5)

€ ox* 0x2

The blocking electrodes are subject to an AC voltage, and for that, we want to

express the dependent variables p and ¢ on the frequency domain:
p(x,t) = Rep(x)e™", (5.6)

d(x,t) = Rep(x)ei®t, (5.7)

It is convenient to work with dimensionless variables, so we define:
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5=—" (5.8)

2zec,
X
X =— (5.9)
Ap
_ 1
[. == (5.10)
Ap
-~ zed
P T
(5.11)
0 = WT,
(5.12)

where T = 1,°/D.

Rewriting equations 3 and 5 on dimensionless form and on the frequency

domain we obtain the set of equations that must be solved:

<o 0B 0%

prlrw=—=oT ="
axz axz (513)

L0t 0%

kom awe P
x x (5.14)

This problem is subject to a couple of symmetry restrictions:

5(0) =0, $(0) = 0. (5.15)

Furthermore, the potential over each surface ((]30) is known, which implies that:

84



bs = P (5.16)

Also, as we are modeling blocking electrodes we considered that there is no
Faradaic current (Jr) passing through the surface of each electrode. The Faradaic

current can be expressed as:
Jr(£L,t) = ze(Fy £ F), (5.17)

where the ionic fluxes (Fy) are defined as follows:

Fy = =D(Vcy £ ¢oVP), (5.18)
and these statements lead us to the following relation at surfaces (S = Land S = —L):
05| 9o
3% rrile 0. (5.19)
S S

To complete the set of boundaries conditions to solve the problem we assume
that there is no electrostatic correlation effects taking place on the electrode surfaces,

and for that we have:

=

3¢

=35 = 0. (5.20)

S

We solved analytically equations 13 and 14 and the result obtained was
expressed in terms of hyperbolic functions instead of the exponential form, and from the

symmetry conditions we can rewrite the equations in terms of hyperbolic sine.

~ 1
p(x) = i [A; (a3? — 2a3) sinh(a; %) + A, (a,* — 2a,) sinh(a, %)] (5.21)
c

(Z(i) = A, sinh(a; X¥) + A, sinh(a, ¥) + A; X (5.22)

where the parameters a;, a,, as, and a, are functions of the dimensionless electrostatic

correlation length (I.) and the frequency (&).
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a; = Y— (5.23)

Yool

A 2ay,
a, =Y (5.24)

27 2l
az=il2a+1—fy (5.25)
a,=il2&+1+.fy (5.26)
y=—-a&*-2iwl2-412+1 (5.27)

The constants A;, A,, and A; were obtained by applying the boundary and

symmetry conditions, and they are presented in the appendix.

Even though there is no charge transfer on the surface of the blocking electrodes
there is still a transient capacitive current which can be obtained from the Maxwell

displacement current per area (J):

D a0
ot ‘otox’

(5.28)

This current expressed in the frequency domain (f) allows us to obtain the
expression for the electrochemical impedance over the surface of the blocking electrode

(x = L) based on the definition of equation 1.

;- % (5.29)

That, in the dimensionless form, can be written as:

5 _ Dz _ é(I)
Lag  _ag(L) (5.30)
iwl RE;

Applying equation 22 to equation 28 and 29 we can obtain the analytical
expression for the electrochemical impedance taking into account the electrostatic

correlations.
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1 . tanh(a,L) N tanh(a,L)

7 =— + - — (5.31)
iw+1 iwL iwL
where the coefficients a and [ are:
- V2 i@l +1+
a=Il— i (5.32)
2 Jiolz+1- Wy (@+1)
ﬁ—iﬁ —i@l?2 —1++y 533)
‘2 kA 1+ @+ 1) '

5.2.1 Validation of the analytical solution

If we take the limit of the dimensionless correlation length (Zc) going to zero we
can derive the impedance expression for the traditional approach, where the electrostatic
potential is described by the classical Poisson-Boltzmann equation.

) V2iw +4 -
i *tanh — L
id+1 (i@ +1)32 &L

(5.34)

7=

As expected, the proposed expression shows a consistent limit when [, — 0.

The analytical expression was also validated by the reduction of the AC problem
to a system were a DC voltage is applied. For that, we take the limit of the frequency
going to zero (@ — 0). Now we are able to define the capacitance on the surface of the

electrodes, and this result was compared to the one presented by Storey & Bazant

(2012).
c /8(—4 2+1) (5.39)

Cou I, [asz%/2 tanh(a, L) — d3/2 tanh(ay L)]

Where the parameters are:
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V2 o (5.36)
2

V2 Va (5.37)
: .

a;=1-— [—412+1, (5.38)

a, =1+ /—4 12 +1. (5.39)

Then equation 36 was compared with Equations 44 and 47 from the article of
Storey & Bazant (2012), obtaining the same numerical values. Therefore, the proposed

expression shows correct limits when [, = 0 and @ — 0.

5.3 Results and discussion

The behavior of the electrochemical impedance as a function of the electrostatic
correlation effects is shown by the Nyquist plot of the dimensionless impedance for
different values of the dimensionless electrostatic correlation length (ZC). The Nyquist
plot relates the real part of the impedance (Z R) with the negative of its imaginary part
(—Z ,) for several values of the frequency (@). In Figure 19 we varied the frequency
from 0.01 to 1000 and steps of 0.001. The effect of the electrostatic correlations was
analyzed for six different values of ZC: 0,10,30,50,70, and 100. The same results are
presented in Figure 20 on the form of Bode plots where the absolute value of the
impedance and its argument are plotted as a function of the frequency. The parameters
used on these simulations are presented in Table 4. All the variables presented in

Figures 2 and 3 are on their dimensionless form.
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Table 4 - Parameters used on the impedance model (S.1.).

T =298.15K £ =4.427093585 x 10711 C2/Jm

e=1.602x10"1°C kg = 1.38065 x 10723 J/K

1
[]
[]
0.8 1 0
. ]
: (]
: !
e 4
. 4
« /4
o« &
°p
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Figure 19 - Nyquist plot of the electrochemical impedance of a symmetric electrolyte,
considering different values of the dimensionless correlation length (ic). The continuos
black line is the case where no electrostatic correlation is considered I, = 0, the gray
dotted line is I, = 10, the dashed black line is I, = 30, the gray continuous line is

1. = 50, the black dotted line is I, = 70, and the gray dashed line is I, = 100.
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Figure 20 - Bode plot of the electrochemical impedance of a symmetric electrolyte,
considering different values of the dimensionless correlation length (ZC). The
continuous black line is the case where no electrostatic correlation is considered I, = 0,
the gray dotted line is I, = 10, the dashed black line is I, = 30, the gray continuous
line is I, = 50, the black dotted line is I, = 70, and the gray dashed line is I, = 100.

We observe that the electrostatic correlation effects cause a main change on the
shape of the impedance curve for values of dimensionless frequency (@) lower than
one. For values of @ higher than one the electrochemical impedance presents similar
behavior to the one described by the classic theory, where the electrochemical potential
is given by the Poisson-Boltzmann Equation. The change of the shape of the
electrochemical impedance curve can be associated with the change on the structure of
the electrical double layer. The increase of electrostatic correlation effects is related to
the growth of the overcrowding effects (which is explained in details by Bazant et al.
work from 2010). Analyzing the influence of the overcrowding effects on an equivalent
circuit model, it could appear as a series association of the capacitance of double layer,
which could be represented by the last two terms of the analytical expression of the
electrochemical impedance obtained here (Equation 31). The first term of that equation

is equivalent to the contribution of the bulk resistance of the system studied.
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5.4 Final Remarks

We proposed an analytical expression for the electrochemical impedance taking
into account electrostatic correlations which can play a lead role on the performance of
electronic devices containing ionic liquids or concentrated electrolytes. The expression
obtained shows that the electrochemical impedance is largely affected by electrostatic
correlations especially at low frequencies. This fact is related to the increase of the
overscreening close to electrode surfaces for electrolytes highly correlated. Electrostatic
correlation effects are relevant to the description of ionic liquids, because of their highly
charged nature. When a large electrostatic potential is applied to the system, or/and
multivalent ions are involved, electrostatic correlations cannot be neglected, and then
the proposed approach to describe the electrochemical impedance here is recommended.
Because the impedance is a linear response to a small perturbation, the long range
screening effects at low voltages may be important and missing in the BSK model, but
the analysis presented in this work are aimed to observe the trend predicted by the BSK
model that is a signature of electrostatic correlations. Finally, we would like to
highlight that the present analytical expression for the electrochemical impedance is
valid not only for ionic liquids, but rather to any symmetric electrolyte solution, with
only the appropriate use of the parameters marking the difference between these two

kind of systems.
Appendix

The coefficients A4, A5, and A from the analytical solutions from equations 5.21

and 5.22 are presented bellow as follows:

Ay = 4 a,®I% cosh(bL) d
/ (Lcosh(ay L) cosh(a, L) a; a, [a;%(a,? + 412 — 2a,)
— a,%(as? + 412 — 2 a3)] + 4a,3[? sinh(a, L) cosh(a, L) (5.40)
— 4a,312 cosh(a, L) sinh(a, L),
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A, = 4a,31% cosh(ay L) Py
/(L cosh(a,L) cosh(a, L) ajaz[a;2(as? + 412 — 2a,)
— a,%(as? + 412 — 2a3)] + 4 a,3[2 sinh(a, L) cosh(a,L)

(5.41)
— 4a,312 cosh(a,L) sinh(a, L),
A; = (a12a42 + 4a,%1? — a,%a3? — 4a,%1? — 2a,%a,
+ 2a,a3%)aya, cosh(a,L) cosh(a,L) ¢
/(L cosh(a,L) cosh(a,L) ajaz[a;,2(a? + 412 — 2a,)
— a,%(as? + 412 — 2a3)] + 4a, a,3[? sinh(a,L) cosh(a, L)
(5.42)

— 4a,312 cosh(a,L) sinh(a, L).

where @, is the potential applied at the surface.
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Chapter 6. Final Remarks and Future Works

In this thesis we analyzed the effect of electrostatic ionic correlations in different
systems. As these correlations are relevant for a large variety of systems, we focused on
the description of the following cases: the micellization phenomena of ionic and
zwitterionc surfactants in the presence of monovalent and multivalent electrolytes; the
differential capacitance of asymmetric ionic liquids; and the electrochemical impedance
of ionic liquids. For that, the modified version of the Poisson-Boltzmann equation (BSK

model) is used.

For the micellization phenomena, the inclusion of electrostatic correlations made
it possible to obtain a good description of experimental behavior of surfactant solutions
containing highly concentrated electrolytes and/or multivalent electrolytes. We also
proposed a new approach to calculate the free energy of micellization of zwitterionic
surfactants. We considered that micelles formed by zwitterionic surfactants can have
both cations and anions binding to its surface, and it directly impacts on the behavior of
the surfactant solution. Our model was able to correctly predict experimental
observations of ion binding for zwitterionic surfactants. Most importantly, all
calculations for the micellization phenomena are predictive, i.e. did not use any fitting
parameter to experimental data. Comparison results confirm the importance of ionic
electrostatic correlations for micelle formation in solutions with high salt concentrations

and multivalent electrolytes.

Regarding the differential capacitance (Cp) of ionic liquids, we observed that
electrostatic correlations play an important role in the differential capacitance, being
responsible for the reduction of the Cp, magnitude. The asymmetry of ion sizes is also
relevant when describing ionic liquids due to the large difference between their cations
and anions. Furthermore, the present approach was able to predict very well the
differential capacitance of ionic liquids from molecular simulations and density
functional theories. For differential capacitance experimental data of ionic liquids we
obtained a fair description for elevated applied potentials. Conditions of large applied
voltage can induce a large accumulation of ions close to the electrode surface, which
makes electrostatic ionic correlations the dominant effect in these conditions, justifying

our model.
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When used in simpler calculations, we presented here an analytical expression
for the electrochemical impedance taking into account electrostatic correlations, which
can play an important role in the performance of electronic devices containing ionic
liquids or concentrated electrolytes. The expression obtained shows that the
electrochemical impedance is largely affected by electrostatic correlations, especially at
low applied frequencies. This fact is related to the increase of the overscreening close to

electrode surfaces observed experimentally.

The work presented here can be useful for several applications. One promising
use of the approaches proposed here is for the description of complex electrochemical
devices and processes in which the dynamics of electrolytes are relevant; for example,
electrodialysis, electroactuators, batteries, among others. In Appendix C we present a
brief analysis of the dynamical problem for electrolyte solutions considering the effect
of the solvent size together with electrostatic correlation effects. The analysis performed
and the methodology presented can be useful for future developments in the

aforementioned areas.

Electrostatic correlations are also fundamental to the description of biological
systems, which usually contain multivalent electrolytes. One example of a biological
system where electrostatic correlations are important is the adsorption of proteins for
separation processes. The description of interactions between different proteins and
between proteins and charged surfaces as a function of salt type, salt concentration,
temperature, and pH is essential for modeling the adsorption process. In Appendix E we
present the calculation of the adsorption of spherical proteins using an approach based
on a modified Poisson-Boltzmann equation. Even though that work only considered the
effects of van der Waals interactions, it can be extended to include the effects of
electrostatic correlations. For that, in Appendix D we present a numerical methodology

to solve the BSK model in bispherical coordinates.

Finally, the methodology presented here for the micellization phenomena of
ionic and zwitterionic surfactants can be extended to the description of microemulsions

and to the process of selection and design of surfactants.
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most stable condition of the surfactant solution. In order to find it, the proposed methodology takes into account
the micelle size distribution and two possible geometries (spherical and spherocylindrical). We propose a
numerical optimization methodology where the minimum free energy can be reached faster and in a more
reliable way. The proposed models predict the critical micelle concentration well when compared to
experimental data, and also predict the effect of salt on micelle geometry transitions.

Keywords: Micellization; Molecular thermodynamics.

INTRODUCTION

Self-assembly is a broad term applied to spontane-
ous organization of substances under appropriate con-
ditions and proportions. It is a reversible process and
represents a condition of thermodynamic equilibrium,
which is relevant to a large variety of phenomena and
systems, such as crystal formation, colloidal systems,
lipid bilayers, among others (Whitesides and Boncheva,
2002). When surfactants self-assemble, the structures
formed are called micelles. Micellization phenomena
have been of great interest to both the academic com-
munity and industry. It is involved in several applica-
tions and processes. We can mention its application in
personal care products, paints, processed food, and
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separations in the petrochemical industry. Intensifica-
tion of studies in this field is reinforced by the acces-
sibility of critical micelle concentration data and its
great importance for the physicochemical behavior of
surfactant solutions. Furthermore, several thermody-
namic and transport properties of surfactant solutions
are affected by the size and shape of micelles (Iyer and
Blankschtein, 2012). For example, the solubility of
micelles increase with their size (Rusanov, 2014), and
micelle shape transitions significantly affect the vis-
cosity of the solution (Kamranfar and Jamialahmadi,
2014). All these facts contribute to the development
of models that can predict the behavior of surfactant
solutions and also can be used as a tool for designing
new surfactants.

This is an extended version of the work presented at the 20th Brazilian Congress of Chemical Engineering, COBEQ-2014, Floriandpolis, Brazil.
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The molecular thermodynamics approach to de-
scribe the micellization phenomena was first pro-
posed by Tanford (Tanford, 1974). Tanford analyzed
the adequacy of the Gibbs thermodynamic equilib-
rium to describe the self-assembly of amphiphilic
molecules. In Tanford’s work, the equilibrium state is
calculated by imposing the necessary condition of a
stoichiometric linear relation of chemical potential of
all species. That implies that the sum of the Gibbs free
energies of reactants (amphiphilic molecules) must be
the equal to the sum of the Gibbs free energies of
products (micelles).

Molecular thermodynamic models aim to be com-
pletely predictive. They describe the micellization
phenomena only based on information about the
molecular characteristics of substances and conditions
of the medium, such as, for example, temperature, sur-
factant concentration, and ionic strength (Goldsipe
and Blankschtein, 2007). Nagarajan and collaborators
made important contributions to the development of
molecular thermodynamic models used to describe
the self-assembly of surfactant solutions. In their
models (Nagarajan and Ruckenstein, 1991; Naga-
rajan, 1993; Nagarajan, 2002) they analyzed small
and monodisperse micelles and also the transition
between two micelle geometries. However, in those
works, only the necessary condition for equilibrium is
considered. The Nagarajan model was improved by
Moreira and Firoozabadi (2009) when they started
considering the minimum of Gibbs free energy as a
condition for the thermodynamic equilibrium of the
solution. However, Moreira and Firoozabadi (2009)
used the maximum term approach, which assumes
that the micelle size distribution can be represented by
one characteristic micelle size and a single number of
micelles formed. Therefore, Moreira and Firoozabadi
(2009) did not take into account the fact that micelles
can be formed with a large distribution of sizes. They
also assumed that only small micelles could be
formed, with either a spherical or globular shape. In
their subsequent works (Moreira and Firoozabadi,
2010; Moreira and Firoozabadi, 2012; Lukanov and
Firoozabadi, 2014) those aspects were kept the same.
Therefore, to the best of our knowledge, the present
work is the only one that considers the minimum
Gibbs free energy as the most stable state together
with the micelles’ size distributions and also analyzes
the transition between small (spherical) and rod-like
(spherocylindrical) micelles as a function of tempera-
ture and salt concentration.

In thiswork we present an approach where the mini-
mum of total Gibbs free energy is obtained for aque-
ous surfactant solutions (with and without electro-
lytes) considering the micelle size distributions and

the more stable geometry (spherical and spherocylin-
drical) of micelles. Here, the stable state for a given
set of temperature (7), pressure (P) and composition
(N), obtained by the minimization of total Gibbs free
energy of the system, gives us information about the
most stable micelle geometry, micelles sizes and the
critical micelle concentration (CMC) of the solution.

MODEL

The model used to calculate the total Gibbs free
energy of the system is similar to the one proposed by
Nagarajan and Ruckenstein (1991) and Moreira and
Firoozabadi (2009). Given a global specification of T
(temperature), P (pressure), Ng, (total number of sur-
factant molecules in the solution) and N,, (number of
water molecules), the Gibbs free energy is calculated

as a sum of two contributions: free energy of for-
mation and free energy of mixture.

G= Nn'ﬂ::' + NxAﬂloA + ZNggA,M;
g=2

¢9)
+kT| NI X,, + Niyln X, + ) N In X,

=2
g=2

where £, 44, and _u; are the standard chemical

potentials of water, free surfactant and micelle with
aggregation number g, N is the number of micelles, k
is the Boltzmann constant, and X;,, X14 and X; are the
mole fractions of water, free surfactant and micelles.

It is possible to reorganize the previous expression
by separating the terms that depend only on fixed
variables: T, P, Ng4, and N, and dividing the expres-
sion by kT

o o

el A
E: ZNggTj_'g"rN“.thu,
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Equation (2) represents the expression to be mini-
mized to predict the most stable state of the system.
(e}

TR (V748 B
The free energy of micellization T is defined as

a sum of different contributions. These contributions
are detailed elsewhere by Nagarajan and Ruckenstein
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(1991) and Moreira and Firoozabadi (2009).

When the micelles size distribution is narrow
enough, it is common to use the Maximum Term ap-
proximation. when the Maximwm Term approxi-
mation is used, Equation (2) becomes:

G Aty
—=N,g—=+N,InX,
kT c,g kT + N, InA,,
)
+NyIn X, + N InX,
METHODOLOGY

Critical Micelle Concentration (CMC)

Experimentally, the critical micelle concentration
(CMC) is defined as the concentration of surfactant
where a sharp change in any property of the solution
is observed. This information is available in the
literature for a wide variety of surfactants. Therefore
we decided to validate our model by comparing our
predictive calculations with experimental CMC data.
To obtain the CMC, we perform different simulations
of a solution containing an increasing amount of sur-
factant. Then, for each solution with a different amount
of surfactant added we performed the minimization of
the Gibbs free energy. This procedure permits one to
relate the total number of surfactant molecules added
(Nes) with the number of free surfactant molecules in
the solution (Nw.g), as is graphically presented in
Figure 1. The CMC is then defined as the concentra-
tion of swfactant added (Nss) where an inflexion of
the curve is observed. To obtain this point automati-
cally, a regularization function is used which relates
N4 as a function of N4, according to Equation (4).

Ny,(Ng,)=a-Ng,+b-c-(Ng, - Ng,)
@

(M)

sl

1+

where Nsi', determined by non-linear regression,
corresponds to the critical number of surfactant
molecules added to the solution under the conditions
Tand P, and ¢ is the regularization parameter, where
1> &>>>0. The parameters a, b, and ¢ are obtained
from the fitting of the data to the regularization
function.

To perform the parameter fitting we used the

deterministic method Sequential Quadratic Program-
ming (SQP). After obtaining the concentration of
surfactant added (Ns4), we can calculate the critical
micelle concentration using the number of water
molecules assumed in the simulation (Ny).
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Figure 1: Determination of the CMC. Each point repre-
sents one minimization process of the Gibbs free en-
ergy and the continuous line is the adjusted regulation
function. CMC is obtained by parameter fitting of the
regularization function represented by Equation (4).

Micelle Size Distribution

To develop the methodology for the micelle size
distributions, first we verify what kind of behavior
this distribution can have. For that, we consider a set
of optimization variables, where it is assumed that we
could obtain micelles with an aggregation number
from 2 to 100. To construct the next figure, we define
as optimization variables the vector of the number of
micelles formed for each aggregation number g. Thus,
for this specific case we did not pre-set any shape for
the micelle size distribution. Figure 2 shows the
tendency obtained for the micelle size distribution for
an aqueous solution of sodium dodecyl sulfate (SDS)
at a concentration ten times higher than its critical
micelle concentration. It is interesting to observe that
the problem converges to a micelle size distribution
with a behavior similar to a Gaussian distribution.

From now on in this work, a Gaussian shape is as-
sumed for all the micelle size distributions. Therefore,
it is possible to define the total number of micelles
formed, the mean (or expectation) aggregation num-
ber of the distribution and its standard deviation as
important variables for calculating the minimum firee
energy of the system.

To validate our methodology for the micelle size
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distribution, first we compared it with the maximum
term approach, both considering the minimum Gibbs
free energy to define the most stable state. Because we
calculate the critical micelle concentration, only small
micelles are considered (spherical and globular shapes
only). The geometrical relations used for this section
are similar to those presented by Nagarajan and Ruck-
enstein (1991). Using our methodology, three optimi-
zation variables, as mentioned before, are used to cal-
culate each minimum of Gibbs energy. Using the Maxi-
mum Term Approximation, we have two optimization
variables: the number of micelles formed, N, and the
specific aggregation number, g.
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Figure 2: Micelle size distribution for a solution of
sodium dodecyl sulfate (SDS) at a concentration ten
times its critical micelle concentration. X; is the mole
fraction of micelles with the aggregation number g. T
=125°C, P =1 atm, and N, = 3400000. The micelle

size distribution converges to a Gaussian-like distribu-
tion after the optimization procedure.

Geometry Optimization

As in all optimization problems, we must pay at-
tention to the correct definition of the optimization
variables to be used in the numerical algorithm. The
incorrect selection of variables, if they do not satisfy
some constraints or correspond to an over specifica-
tion, may lead to erroneous results and misinterpreta-
tions. It is even more important when using nondeter-
ministic algorithms because the analyticity of the
functions and equality constraints are not taken into
account. This can result in objective functions with
several local minima.

Analyzing the geometric relations presented in
Table 1, we can observe that, if the length of the cylin-
drical part of the micelle (Z.) is zero, the geometry
reduces to a spherical micelle. For cases where the

geometric transition is considered, we define as opti-
mization variables the number of micelles formed
(M), the number of surfactant molecules in the cy-
lindrical part of the micelle (g..s), the radius of the
spherical ends of the micelles (Ry), and the length of
the cylindrical part (L.). The number of surfactant
molecules in the spherical ends of the micelle is then
obtained from the geometric relations presented in
Table 1, which assumes the form of:

1 8m 3 2 2
- — | = R*-Z.H*(3R-H 5
gfp{f v, |:3 5 3 ( o] ):| ()

To reduce the optimization search region, we
defined limits for the optimization variables. The
maximum value of the radius, R,, is assumed to be
equal to the extended length of the surfactant tail, en-
suring that there is no empty space inside the micelle.
Besides that, R, must be equal to or greater than the
radius of the cylindrical part of the micelle to ensure
that the amount of surfactant molecules in the spheri-
cal ends is positive. Figure 3 presents a surface of the
Gibbs energy, to be minimized, fixing values for L.
and R,. We can observe that the function has a smooth
behavior and a well-defined global minimum.

Numerical Method

As presented in the previous section, calculating
the critical micelle concentration involves repeating
the Gibbs energy minimization several times for dif-
ferent surfactant concentrations. To reduce the com-
putational time to perform these calculations, we pro-
pose the following optimization procedure. First, we
define an amount of water to be considered and the
temperature of the system. After that, we start our simu-
lations with a small amount of surfactant (to guarantee
that we are below the critical micelle concentration).
For this first simulation we use the Particle Swarm
Optimization method (PSO). The result is then used as
an initial guess for the Sequential Quadratic Program-
ming (SQP) deterministic method. Then, we make a
small increment in the amount of surfactant and per-
form the optimization with the deterministic method.
The initial guess now, in this case, is the optimum
value of the optimization at the lower surfactant con-
centration. With this methodology, it is only necessary
to use the nondeterministic method once, which
largely reduces the computational effort. All simula-
tions were performed with the software Marlab®
version R2008a. More details about the PSO method
can be found elsewhere (Kennedy and Eberhart, 1995)
and for the SQP method in Byrd et al. (2000).
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Table 1: Geometric relations for a spherocylindrical micelle.

Cylindrical part
(radius R, length L)

Spherical part
{radius Ry)

V=R, =gu,

Ag =2rR I =ga

A= 27(R.+5)=guas

pf=V3=”5=l
T AR, AR 2

]

SIT.R: 27
V"g:[ 5 _TH (3R,—H):|:gus

2

.ﬂl12 i |:8er1 —4.erJH] =ga

As =[8,7(RI +5) —4x(R, +6)(H+ 5)]=ga5
Vg

}3{:

AR,

Ve is the volume of the micelle, Ag is its surface area, Aes is its area at a distance § from the surface, Pris the packing factor,
and R is the radius of the micelle (s for the spherical part and ¢ for the cylindrical part). Variable H is a geomelrical parameter.
The expression of the volume of the surfactant tail (zv), as well as molecular parameters for different surfactants are presented
elsewhere (Nagarajan and Ruckstein, 1991).

Figure 3: Typical example of the Gibbs energy,
G'/ kT , as a function of the number of micelles with
aggregation number g, N, and the number of surfac-
tant molecules in the cylindrical part of the micelle,
gewt. We fixed the values of the length of the cylindrical
part of the micelle, L., and the radius of the spherical
ends of the micelles, Ry, to be equal to 2.89 nm and
1.23 nm, respectively.

RESULTS AND DISCUSSION

Figure 4 presents the critical micelle concentration
(CMCQ) for different surfactants as a function of their
tail length. To perform these calculations we assumed
that micelles are globular or spherically shaped. The
performance of the maximum term method and the

micelle size distribution method were compared. We
observe that both methodologies are in very good
agreement and predict the critical micelle concentra-
tions well. We expect that at low surfactant concentra-
tion (close to the CMC) the micelle-size distribution
tends to be narrower, compared with high surfactant
concentration. For example, in Figure 5 we present the
micelle size distribution for different surfactants at
different concentrations. We observe relatively wide
size distributions for all the cases presented in Figure
5, meaning that, for those cases, the Maximum Term
method certainly is not the best approach. We expect
wider distributions for high surfactant concentration
or for microemulsion systems, in which case the
methodology proposed here becomes more adequate
to describe those systems. Another aspect that moti-
vates the use of the size distribution approach pro-
posed here is because sizes (mean, variance and other
moments of the distribution) are important infor-
mation for the stability of emulsions. For example,
when an electric field is applied to an emulsion, its
stability is a function of the diameter of the micelles
to the fourth power.

We also proposed a methodology to describe the
micelle geomelry transitions. The results obtained are
presented in Table 2. The surfactant dodecyl trime-
thylammonium bromide (Ci2TAB) forms spherical
micelles even at high surfactant concentration. How-
ever, sodium dodecyl sulfate (SDS) presents a transi-
tion from spherical to spherocylindrical as observed
experimentally (Victorov and Koroleva, 2014). An-
other result obtained is that the addition of electrolytes
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to the surfactant solution causes the formation of sphe- the model predicts the formation of spherocylindrical
rocylindrical micelles for tetradecy! trimethy larmmo- micelles even without electrolytes added to the solu-
nium bromide (CTAB), and hexadecyl (trime- tion, but at higher surfactant concentrations. In general,
thylammonium bromide (C,¢TAB). For the nonionic we are in good qualitative agresment with the trends

surfactant, decyl(dimethyl)phosphine oxide (C1,PO), observed by experiments.
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Figure 4: Critical micelle concentration (CMC) for different surfactants in aqueous solutions obtained by the
maximum term method (continuous lines), and the size distribution methodology (dashed lines). The squares are
experimental data (Khan and Shah, 2008; Neves et al., 2007, Evans, 1956; Zhao et al., 2012, Veldzquez and Lopez-
Dias, 2007). (a) Sodium n.-alkyl sulfate, (b) n.-alkyl pyridinium bromide, (¢) nc-alkyl trimethylammonium
bromide, (d) n.-alkyl(dimethyl)phosphine.
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Figure 5: Micelle size distributions for different surfactants obtained by the proposed methodology. X, is the molar
fraction of micelles with aggregation number g : (a) 16.34 mM SDS solution; (b) 81.7 mM C,,TAB solution; (c)
32.68 mM C1,TAB solution; (d) 32.68 mM C;sT'AB solution. We defined 7 =25°C, P =1 atm, and N, =3400000.
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Table 2: Geometry transition between spherical and spherocylindrical micelles.

Surfactant Electrolyte Ng Geometry Ry Zeph
concentration (mM)| concentration (M)
49.0 - 31 Spherical 1.54 65
81.7 - 52 Spherical 1.57 6o
49.0 0.6 7 Spherocylindrical 1.67 92
gal=333,
B8 Le=17.27 nm
81.7 0.6 3 Spherocylindrical 1.67 92
Bavl= 1565.
L =81.56 nm
49.0 - 49 Spherical 1.23 34
Ci:TAB 81.7 - 92 Spherical 1.25 35
49.0 0.6 60 Spherical 1.35 46
81.7 2.0 14 Spherical 1.59 70
CLTAB 81.7 4.0 10 Spherocz!indrical 1.62 79
vt =20,
L:=1.56 nm
164 0.2 12 Spherical 1.76 82
81.7 0.2 64 Spherical 1.74 95
16.4 2.0 6 Spherocylindrical 1.80 97
el = 69,
CisTAB i =4.99 nm
81.7 2.0 9 Spherocylindrical 1.80 98
Zo=457,
Le =33.79 nm
98 - 6 Spherical 1.34 57
16.4 - 3 Spherocylindrical 1.34 62
C1oPO o= 201,
L =17.56 nm
CONCLUSIONS especially when external fields are applied. We sug-

Here we proposed a methodology to consider the
micelle size distribution and also an approach to
predict micelle shape transitions, both considering the
minimum of Gibbs free energy of the system. Com-
paring the predictive performance of calculated criti-
cal micelle concentrations with experimental data
validated the model. Good results are obtained. The
proposed methodology is able to predict quantita-
tively the transition between spherocylindrical and
spherical in sodium dodecyl sulfate and qualitatively
for n-alkyl trimethylammonium bromide, according
to experimental data. Furthermore, the methodology
used to obtain the critical micelle concentration
(CMC) significantly reduces the computational cost
involved.

This work pioneers a more detailed description of
the micellization phenomena by Molecular Thermo-
dynamics simulation considering the minimum of
Gibbs free energy. It can be extended to describe
systems where the micelle size distribution is relevant
and also where large micelles are formed. For exam-
ple, the micelle size distribution is important to con-
sider when studying the stability of emulsions,

gest, for future work, adapting this model to consider
a better description of systems with high electrolyte
concentration, where spherocylindrical micelles are
expected to be formed, and also to extend this ap-
proach by considering equations of state, which is a
very promising path.
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NOMENCLATURE
a Micelle surface area per surfactant (m?)
as Micelle surface area per surfactant at a
distance 6 (m?)
A Superficial area of the micelle of

aggregation number g (m?)
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Ags Supetficial area of the micelle of
aggregation number g at a distance & (m?)
a, b,c Regularization constants

g Aggregation number

G Gibbs free energy (J)

H Geometric constant (m)

k Boltzmann constant (J -K™)

L Length of the cylindrical part of the
micelle (m)

e Number of carbons in the surfactant tail
N Number of molecules of i

B Pressure (Pa)

Py Packing factor

R. Radius of the cylindrical part of the
micelle (m)

R, Radius of the spherical part of the
micelle (in)

T Temperature (K)

Ve Volume of the micelle of aggregation
number g (m?)

Vs Volume of the surfactant tail (im®)

X Molar fraction

Greek Letters

u Chernical potential (J)

Au Free energy of micellization (J)

Subscripts

w Water

S84 Surfactant

| Free surfactant

g Micelle of aggregation number g

s, sph Spherical
c,cvl  Cylindrical
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Appendix B

Algorithm to obtain the critical micelle concentration from
molecular thermodynamics simulations

1) Input data: (i) amount of water; (ii) amount, kind and physicochemical properties of

the surfactant; (iii) temperature of the solution;
2) Minimization of the Gibbs free energy:
2.1) Calculation of the Gibbs free energy:
2.1.1) Calculate the molar fractions of water, free surfactant, micelles and ions;
2.1.11) Calculate the free energy of micellization for each geometry;
2.1.1i1) Calculate the Gibbs free energy for each geometry;

2.1.iv) Compare the values of the Gibbs free energy for each geometry of the
micelles. The lowest one will be assumed to be the most stable state of the

surfactant solution.

2.2) Minimize the Gibbs free energy — using a hybrid method of optimization
(PSO followed by SQP). From this minimization we can obtain the number of
micelles formed, their sizes, their morphology and the number of free surfactants

in the solution.

3) Increase the amount of surfactant in the solution and return to step 1. From this stage,
step 2.2 uses as an initial guess of the optimization variables the results obtained from
the previous optimization, thus only the SQP method is used after the first amount of

surfactant is simulated.

4) When the final amount of surfact is simulated, we can relate the number of molecules
of free surfactant in the solution with the number of molecules of surfactant added to the
solution. This curve is used to obtain the critical micelle concentration using the

expression proposed in the work of Santos et al. (2016)
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Appendix C

The dynamics of electrolyte solutions considering the ion size

asymmetry and the solvent size

Here, we considered the dynamics of electrolyte solutions between charged
electrodes. For that, we start considering the Nernst-Planck equation for the ion i.
Ci

o + VI, =0
ot b

Where c; is the concentration of ion i, t is the time and I is the ionic flux, which is

calculate from the following relation:

D
Iy = —p Vi

With D being the diffusivity of the ions, k the Boltzmann constant, T the temperature

and y; the electrochemical potential of the ion.

To include the effects of the electrolyte and solvent sizes we used the work
developed by Kilic (2008) where, using a lattice approach he took into account steric

effects of electrolyte solutions.

e = s + 4 i () - o ()|

c,+c_+c,/) ad \cy+c_+cy

In this expression, the index + and — are related to the cation and anion
respectively, and w for the solvent, which here we consider to be the water. The
parameter a is the hydrated radii of the ions and of the water. To obtain the electrostatic
potential (1) we coupled the previous equations with the modified Poisson-Boltzmann

equation which takes into account electrostatic correlation effects.
e(12V' — V2y) = p

The parameter [, is the electrostatic correlation length and on this analysis we

considered it to be equal to the hydrated radii of the ion. To enhance the numerical
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solution of the equations of this problem we defined dimensionless variables and an

auxiliary variable as follows:

Ci
X. = —_—
l CO
_ev
Y=k
_ [;
[; =
' Dcok
~ _ Hi ™ Hio
! kT
X
=1
_ txeD
T
0%y
— 2
p=a <3_ZZ> -y
where L is the distance between the electrodes, and k = %;21 is the Debye length for

a given ionic strength ().

For the boundary conditions we have that there is no ion flux on the surface of

the electrodes, which leads to:
Tilg=0 =Tilg=1 =0

Furthermore, it is considered that there are no electrostatic correlations on the surface of

the electrode:
Grral -G e, -

Here we considered two different systems, one where a direct current is applied

(DC problem) and one where an alternate current is applied over the electrodes (AC
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problem). For the DC problem, we have a specified potential (y,) applied over both

electrodes, which results on the following boundary conditions:
T
Y|(=0 ==Yo [1 — exp (_ﬁ)]

Y|{=1 =Xo [1 — exp (_ %)]

And for the AC problem:
dy
vl = =51 ==
dy
Vs — Ylg=1 = 5/16_( -

The parameters @, §, and A can be find on the work of Alijo ef al., 2015. Lastly, it is also
necessary to define the initial condition for both problems, which is assumed that the
concentration of the ions at the beginning is equal to the bulk concentration at any place

between the electrodes.

Xilr:O =1

The equations were numerically solved using orthogonal collocation on finite
elements on the EMSO software. The distribution of the collocation points was defined
to be concentrated on the regions close to the electrodes in order to have a better
description of the fast changes on the dependent variables close to the electrodes. All
the results here present the independent variable { as a function of the collocation points
for a better visualization of the behavior of the dependent variables on the electrical

double layer.
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Figure 21 — Variation of the dimensionless cation concentration between the electrodes
as a function of the different sizes of the cation, anion, and solvent under a DC voltage.
The continuous line is for the case where the anion, the cation and the solvent have radii
equal to 0.3nm. The dashed line is for the cation and the anion with the same size radii
a, = 0.6nm and the solvent a,, = 0.3nm. And the dotted line for when the cation is

larger than the anion a, = 0.8nm, a_ = 0.6nm, and a,, = 0. 3nm.

Figure 21 shows how the different size of the ions impact on the concentration
of the cation between the electrodes for the DC problem where a dimensionless
potential y, = 1 is applied to the electrodes. As the size of the cation increases the
concentration of cations reduces close to the electrode that is charged negatively as a
response on the increase of steric effects. From Figure 22 to Figure 24 we present the
results obtained for a DC problem with the cation, anion, and the solvent (water in this
case) having different sizes. And on Figure 25 to Figure 27 we present the results for the
AC problem for an electrolyte solution where anion, cation, and solvent present the

same sizes.
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Figure 22 — Variation of the dimensionless electrostatic potential as a function of the
dimensionless time (T) and the collocation points between the electrodes for the DC
problem. We considered an ionic strength I = 1M, a symmetric electrolyte 1:1, and

a, =0.8nm,a_ =0.6nm, and a, = 0.3 nm.
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Figure 23 - Variation of the dimensionless anion concentration as a function of the
dimensionless time (T) and the collocation points between the electrodes for the DC
problem. We considered an ionic strength I = 1M, a symmetric electrolyte 1:1, and

a,=0.8nm,a_=0.6nm, and a,, = 0.3 nm.
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Figure 24 - Variation of the concentration of the cation as a function of the
dimensionless time (T) and the collocation points between the electrodes for the DC
problem. We considered an ionic strength I = 1M, a symmetric electrolyte 1:1, and

a,=0.8nm,a_ =0.6nm, and a,, = 0.3 nm.
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Figure 25 - Variation of the dimensionless electrostatic potential as a function of the
dimensionless time (T) and the collocation points between the electrodes for the AC
problem. We considered an ionic strength I = 1M, a symmetric electrolyte 1:1, and
a,=0.3nm, a_=0.3nm, and a, =0.3nm and a dimensionless frequency

w=0.3.
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Figure 26 - Variation of the dimensionless anion concentration as a function of the
dimensionless time (T) and the collocation points between the electrodes for the AC
problem. We considered an ionic strength I = 1M, a symmetric electrolyte 1:1, and
a,=0.3nm, a_=0.3nm, and a, = 0.3 nm and a dimensionless frequency

w=0.3.
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Figure 27 - Variation of the dimensionless cation concentration as a function of the
dimensionless time (T) and the collocation points between the electrodes for the AC
problem. We considered an ionic strength I = 1M, a symmetric electrolyte 1:1, and
a, =0.3nm, a_=0.3nm, and a, = 0.3 nm, and a dimensionless frequency

w=0.3.
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Appendix D

To analyze the effect of electrostatic correlations in the interaction between two
charged spherical colloidal particles or proteins we can use the BSK model for the
modified Poisson equation in bispherical coordinates. In this appendix we present a
brief introduction to bispherical coordinate system, how to couple it to the BSK model
and finally a proposed numerical method to solve the resulting partial differential

equation system.

A convenient way to describe the curvature effect between two spherical
colloidal particles is by considering the bispherical coordinate system. This system
turns the mash of the region between the two spheres into a rectangular and finite

element, which is associated with several numerical advantages.

Figure 28 — Bispherical coordinate system. (WEISSTEIN, 2014)

This system is defined in the dimensions 7,8, , where surfaces with constant 77
are spheres, surfaces with constant € have an apple shape if &< 7/2 or lemon-shape if

0> /2, and surfaces with constant ¢ are semi-planes. (MOON & SPENCER, 1961).

Therefore, if we consider that exists symmetry across the z axis, we can express this

coordinate system in terms 77 ¢ @ only. For those cases, the Laplacian operator is given

by:
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vy = (coshn — cosh 0) [ 0 ( sin 6 61/))

a®sin @ 96 \coshn — cosh6 96

(D.l)

The value of 77 in the surface of the spheres being studied(iyo) is obtained as a

function of the radius of the spheres (r) and the distance between them (d ) .

d
coshny = - (D.2)

When describing colloidal and protein particles it is not necessary to study the
region inside of this spherical particles, and because of that, the domain of this kind of
system is —1y <1 <7, and 0 < 8 < m. At last, we need to define the variable a

which is a function of 77 in the surface of the sphere (1,):

a

—_ =71
sinh n, (D3)
To go from the bispherical coordinate system to the Cartesian coordinate

system we apply the following relations:

asin @

x= coshn —siné
_ acos 6 D4
y_coshn—sine (D4)

asinhn

Z= coshn —sinf

Electrostatic correlations (BSK model) in bispherical coordinates

The BKS model in terms of the dimensionless electrostatic potential (y), is

defined as follows:

ez
EVy —Viy = ﬁz ZiC; (D.5)
7
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To avoid the use of the fourth order differential operator, the following variable

change is applied:
a’vViy = ¢ (D.6)

Multiplying both sides of the previous equation by a? and defining a new

dimensionless variable [, = [./a we obtain:

a? e?
ekT

Zvigp— ¢ = A (D.7)

i

Now we express equations D.6 and D.7 in bispherical coordinates.

(coshn — cos 8)3 [ 0 ( sin @ ay> - sing 0 ( 1 ay>] B (D.8)
sin 6 d6 \coshn —cos6 06 st on \coshn —cos6 96/]
.. (coshn —cos6)3[ 0 sin @ o) 0 1 op
jp(coshn —cos0)? 0 %) | gng (L 29
sin 6 d6 \coshn —cos6 06 dn \coshn — cos6 90
a? e? (D.9)
=T L

2

The boundary conditions for systems containing spherical particles with

specified electrostatic potential on their surface is presented below:
y(0,—10) = Yo1

y(0,1m0) = Yoz

G, @), -0
o).~ Ge)l,.. =0

Gol,_, =Gl =

n=-"o
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The domain of the independent variables is defined between 6 = [0, 7] and
n = [-Mo, Mol. It is also important to notice that the ionic concentration (c;) is a
function of the electrostatic potential (y) and because of that the resulting system of

equations is coupled.

To solve this system we define two new auxiliary variable u(n) and v(n):

w(n) = 1 dy;(m)
i = coshn —cos6; dn
(D.10)
1 do;(m)
b() = %

coshn —cos6; dn

We propose a numerical methodology to solve this problem that is based on
performing a polynomial approximation over the independent variable 8. This approach

is detailed in the following item.

Polynomial approximation

This approach to solve a system of equations in bishperical coordinates consists
in approximating the dependent variables y and ¢ as polynomial of degree n in 6,
choosing 6; = x; 7, where 0 < x; < x; < --- < x, <1 are the n roots of the Legendre

polynomial normalized for the interval [0,+1].

With that, we can approximate variables y and ¢ as:

n+1

y(©,1) = y"OO,m) = ) 1(6) yi(n) ®.11)
i=0
n+1

BOm) = $TIO,m = ) 1O $iln) (D.12)
i=0

where y; (1) = y™@*(6;,1) and ¢;(n) = ¢V (6;,n).
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From the previous definitions we can express the derivatives of the dependent
variable related to 6 as a function of matrixes A and B. Bellow we exemplify this

construction for the dimensionless electrostatic potential y:

+1
R AN | 1%
20 . P e Z :1(0) yi(n) (D.13)
j

1

azy(n+1)(9’n) 1 azy(n+1)(x’n) 1n+
302 == 3%2 = ;Z B;(8) yi(n) (D.14)

0; xj i=0

The system of equations to be solved will assume the form of a system of
ordinary differential equations in relation to the independent variable 7, and this system

is presented here:

dv:
cd (Coshn — cos Oj) U; (D.15)
dn
n+1
du; 1 2
— = ;| 6560 = (coshn = cos6))* > B;(8) 3w
n (Cosh n — cos Oj) =
n+1 (D.16)
(cosh n
— A.(0) Vv
o 14(0) i)
do:
di;] = (coshn — cos Gj)vj (D.17)
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22 dU]

= ¢;(m) +
© dn (Coshn — cos Hj)3 [ ! ekT

n+1

— [2 (Coshn — cos Hj)z Z Bj;yi
= (D.18)
[2 (coshn — cos Qj)(coshn cos; — 1) 7§A
sin 6, Ead

Forj=1,2,...,m-1 and —ny<n < no.
And the boundary conditions can be written as:y, (—770) = Yois ¥, (770) =Yoo

v,(-1,)=0 ande v,(7,)=0.

This problem can be defined as a system of differential equations involving

values in the boundaries which can be solved considering the search for the values of

u,(-11,) e ¢,(-n,)that will lead to y, (7, ) = v, €v,(7,)=0.
Obtaining matrixes A and B for the polynomial approximation

. oy _ yvn+1
Proposing £| =0 A]lyl, —692

= Y2 Bjiy; for j=1, 2,..,n where
y(6,m) = y("“)(&n) = Yt qi(0) yi() in which y; () = y™D(6;, ).

The function ¢,(@) is a polynomial function of degree (n+1) in € and it

satisfies:

1fori=|j
qi(aj) =0 = {0 fori=+j (D.19)
da:(6;)|] _da(6)] _ 0 (D.20)
do 0o do 01

Fori,j=1,2,...,n.
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Besides that, we select 6; = x; w, where 0 < x; <x, <-- <x, <1 are the n

roots of the p Legendre polynomial normalized on the interval [0,+1]. This leads us to:

dqg;(0
q‘( )—9(7'[—9) ZM,”H" 2 - ZMkl(nek 1_gk) (D.21)
And then,
7T9k 9k+1
ql(e)_Mll+ZMkl <__k+1> (D~22)

With the conditions presented in equation D.19, we can obtain the values of the

clements M ;:

n@k 7T9]-k+1
M11+ZM,” —L-——)=s, (D.23)

We can also define the expression for Gj x:

1 fork=1
Jk {—]— ] fork=2,..,n ( )
k k+1

Where G- M =1-M =G ?

The first and second derivatives on the points 8; = x; m, are calculated from:

_dq,(6) _ d%q,(0)
k= "gg | 9 Bk =2
0;

(D.25)

9;

Which lead us to:
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Ay =0,(r-9) Z My, 6577 (D.26)

n
Biy = z My [k —1) 672 — k67" (D.27)
k=2

For the boundary conditions, we suggest the use of a Taylor series expansion for
the derivatives in 6. For a value of 8, =0<6 <6; we can expresses for the

dimensionless electrostatic potential:

dy dy| . 0% dy _dy| | 0% 3

%_%01+W0(9 91)*%00:0—%914'@9(90 6,) =0 (D.28)

y2(m) — yo(n) y2(m) =2 y:(n) + y0(n) 4y1(m) — y2(n)
— = =7 D.29
2 06 Ao 162 = Yol 3 (0-29)

The same is applied for the auxiliary variable ¢ :
4_ —

bo(m) = d1(m) — () (D.30)

3

We can use the same approach for the second boundary and for 6,,,_; <0 < 8,, =m,

we have:

dy 0y 0%y dy
26 ~ a6l,, , Toez|, @7 Om-0)> %Lﬁn
m-—1
ay azy (D31)
=30l +252 9 (0 — Op_y) =0
m—1
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Y = Ym—2) Ym (@) = 2 Ym_1(®) + Ym—2(0)

2 A0 A CE = Ym (@)
_ AYm-101) — Ym—2 () (D.32)
3
And the same for the auxiliary variable:
¢m(77) — 4¢m—1(n) - ¢m—2(77) (D.33)

3
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ABSTRACT

Ion-exchange chromatography has been widely used as a standard process in
purification and analysis of protein, based on the electrostatic interaction between the
surface of the stationary phase and the protein. A variety of models and considerations
were made through the years, improving the thermodynamics of colloids but short
attempts were applied for direct predict the behavior of proteins. Here, we present an
improved methodology for solving the modified Poisson-Boltzmann equation
considering bispherical geometry aiming the prediction of the adsorption equilibrium
constant. By including the dispersion interaction between ions and protein, and between
ions and surface, the modified PB equation is able to describe the Hofmeister effect. We
solve the modified Poisson-Boltzmann equation to calculate the potential of mean force
protein-surface, treated as spherical colloid-plate system, as a function of process
variables. The Henry constants of adsorption, for different protein and surfaces, are
shown as function of pH, salt concentration and temperature. In addition, we performed
a sensitivity analysis to verify the behavior of different kind of salts and its impact on

the Hofmeister effects.

Keywords: Poisson-Boltzmann; Bispherical coordinates; Ion-colloid dispersion;

Hamaker.

1. INTRODUCTION

Protein adsorption is the key phenomenon of countless biological process as well
of many protein separation and purification technologies. It is mainly governed by
electrostatic interactions between the protein surface and the adsorbate and, because of
that, it is crucial to have a good description of the electrostatics of the system when
modeling this phenomenon. One of the first attempts to model the behavior of colloidal
systems came from the Derjaguin-Landau-Verwey-Overbeek theory (DLVO) that
considers a electrostatic double layer being formed on the surroundings of a charged
surface [1] which could be described by a linearized form of the Poisson-Boltzmann
(PB) equation [2]. Later, based on the Hamaker [3] contribution, Verwey [2] and long
after Stihlberg et al. [4], improved this approach by combining the attractive London-

van der Waals potential with electrostatic interactions.
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When aiming to specifically describe microscopic adsorptive processes,
information about the amount of protein adsorbed per area (or per mass) of adsorbent is
an essential parameter for the description of this process. It is a function of the pH of the
solution and its ionic strength, and it affects the interaction between adsorbent and
adsorbate because of the changes in the charge of their surfaces and because of the non-
electrostatic effects caused by the kind of salt applied. Recently, a model based on the
linearized PB equation was used to correlate adsorption of proteins in lon-Exchange
Chromatography (IEC) by the estimation of the amino acids residue densities [5-7],
since they are directly related to the surface charge density of the protein.

Another approach often used to model protein adsorption is the Sterical Mass-
Action method (SMA) [8,9]. SMA applies a stoichiometric binding theory and couples,
in a set of correlation parameters, all the electrostatic and equilibrium information of the
system, not considering important effects like non-electrostatic (NES) and co-ion effects
[10], leading to a poor precision at higher salt concentrations or pH values close to the
protein isoelectric point (pl) [9]. The same happens to all the models based on the
DLVO theory because it does not take into account any non-electrostatic effects. Even
though NES effects can be neglected at low ionic strength (0.01 M), they cannot be
neglected when modeling highly concentrated electrolyte solutions or multivalent ions.
This directly impacts on the need for the improvement of the colloid theory for
biological application [11]. Furthermore, it was shown that different ions affect in
different ways the behavior of proteins, most of the time their impact follows directly
the Hofmeister series. To be able to predict this kind of behavior it is essential to
consider dispersion forces in the model [12].

Another way to improve the theoretical description of protein adsorption was
suggest by Roth and Lenhoff [15] which takes into account the three-dimensional
configuration of the protein, using information of the mesh conformation of lysozyme
while interacting with a stationary surface. This approach, though, still uses the
linearized form of the Poisson-Boltzmann equation. Because of that, the result from this
study showed a good agreement with experimental data for lysozyme at small ionic
strength, as expected, but did not obtain a good fit for wide ionic strength range, even
considering Hamaker interaction.

When applying the Poisson-Boltzmann equation to describe systems containing
protein or any spherical colloids it is important to define correctly the coordinate

systems in which this equation will be applied. This helps on a better physical
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understanding of the interaction between two colloids or a colloid-surface interaction in
contrast with using approximations for a planar geometry such as the Derjaguin
approximation to adapt for the spherical-planar geometry [5,16,17]. The PB equation in
Bispherical Coordinates was chosen by Lima et al. [13] as a more realistic model that
also provides a good computational time and accuracy. This model was able to predict
the osmotic second virial coefficient as a function of ionic strength considering the
interaction between two charged colloids (globular proteins). The article also reports the
application of the Hamaker force and analyzes the effect of the kind of salt arising due
to non-electrostatic interactions.

In order to predict the influence of protein adsorption on IEC, here we calculate
the Henry constant of a protein modeled as a charged colloid adsorbed on an ion-
exchange adsorbent using the PB equation in bispherical coordinates. We consider the
dispersion interactions between ions and protein and between ions and adsorbent
surface and also the Hamaker potential. With this, we are able to predict the Henry

constant as a function of pH, ionic strength, ionic specificity, and temperature.

2. ELECTROSTATIC MODEL FOR DIFFERENT COORDINATE SYSTEMS

An equilibrium model was reported by Stahlberg et al. [18] showing the
relationship between the electrostatic free energy and the retention factor (relative to
adsorption equilibrium constant for a diluted system, i.e. Henry constant) for ion-
exchange chromatography of protein. To achieve the main goal to predict the adsorption
behavior of different mAbs variants on IEC based on their interaction with the charged
surface, we need the Henry constant.

Using the equilibrium condition for the chemical potential of protein, we obtain

[19]:

w(I, pH, h)}

c=c, exp{— C T
B

where c is the concentration of the colloid, ¢,is bulk concentration of the colloid , % is

the distance between the protein surface and the surface of the stationary phase, / is the

ionic strength of the solution, W is the free energy of interaction between the colloid
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and the adsorbate, kj is the Boltzmann constant, and 7 the absolute temperature (here

298.15 K).

Knowing that the surface excess concentration can be obtained by:

q(pH.1)=|(c—c,)dh (2)

O ey 8

where ¢ is the surface excess concentration of the protein for a given desired pH and
ionic strength, .
The Henry equation is written as a function of the potential of mean force (or the

free energy, W) after combining both equations (Eq. 1-2) [5]:

g = dPH.I) _ T|:exp[— Mj - 1}1}1 3)

C 0 k,T

where K is the dimensional Henry constant (m).

The simplification used to calculate the potential of mean force have an effect on
the behavior of the K constant in colloid science. The widely used method to obtain
electrostatic free energy from the linearized PB equation [17,18] neglects the possibility
of including NES effects. In contrast, the solution of the nonlinear PBE in bispherical
coordinates permits to add NES terms that convey to be relevant to the system, as

discussed in the following sections.

2.1 Modified PBE in Bispherical Coordinates

In face of those previous studies, we presume that a nonlinear model using
bispherical coordinates, or a similar way to describe plane-sphere interactions and the
contributions of electrostatic, ionic specificity and van der Waals force for a diluted
system, provides an acceptable profile behavior without the need of parameter
estimation.

Based on those considerations, the Poisson-Boltzmann equation including the

ion-protein dispersion is given by the following equation:
1
Vi =—lexply —U_)—exp(-y ~U. )] )

where V7is the Laplacian operator in bispherical coordinates [20], given by:
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3 .
V2 = (coshn—coiﬁ) 0 sin@ oy +sin9i 1 oy (10)
[k, hsinh(z, )] sin@| 6\ coshn —cosd 06 on\ coshn—cosé on

here U, is the van der Waals interaction between the ions and the protein, (77,6 ) are
the independent variables of the bispherical coordinate system where the rotation of
symmetry is assumed to be a line orthogonal to the plate passing through the center of

the sphere, 7, is the value of 77 at the sphere surface. For the evaluation of the plane-

sphere force, we perform the integration over the surface at 7 :7770 for a realistic

approach.

The boundary conditions in 77 are writing as:

oy __ o k, hsinh(z, )
o gg, cosh(, ) - cos(9)

&y

oy __ 0 k, hsinh(7, )
- gg, cosh(,)—cos(6)

Boundary conditions in 6:

(543
00 ),, 00 ),

The equation for the non-electrostatic term relative to ionic specificity is given by

[22]:
—B.-p - B .7
Ui _ S Emn )3 + P - rz(m (13)
3 rl - Rs here 7’2
(7’1 Rsphere) 1 + 3 :
2Rsphere
Here, R, 1s the hydraulic protein diameter, r,, is the ion radius; the Bs is the ion-

sphere and Bp is the ion-plate dispersion constant. We assumed the same surface

dielectric propriety on the plate and colloid, thus, Bg = B,; r, is the distance between

the ion and the center of the colloid equal to \/}2 + (D —2)2 and r, is the distance

between the ion and the planar surface equal to \/ X+ (D + 2)2 : being X and Z the
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Cartesian coordinates associated with the bispherical variables and D is the half center-
to-center distance between sphere-plate.

The relationship with Cartesian coordinates and the numerical details are better
described by Lima et al. [23], even so it is noteworthy point that the integration is
calculated by Composite Simpson’s rule and the differential equation is solved using
Finite Volume Method linked with the Thomas algorithm.

Here we treat sodium chloride as the main salt in solution accounting for ionic

strength, so the following values are taken in consideration for the dispersion constant

[24]: 0.138 k,T" for sodium ion and 1.086 k, T for chloride ion. For sensitivity analysis,
different kinds of ions are studied: bromide (1.348 k, T), iodide (1.735 k, T), potassium

(0.574 k, T) and strontium (0.575 k, T) (same reference as above). A cutoff radius of 2 A

was assumed for the ions to secure the potential convergence at the interfaces [11].
The expression for the nondimensional force in bispherical coordinates is given
by [25], which is obtained by the integration of the stress tensor over a suitable surface,

as a function of the electric field and the difference in the osmotic pressure [26].

[k hsinh (7, ]2(coshl// 1) 1 a_l//z_(a_‘//]2 % (1= cosh 7 - cos
=2 J‘{[ coshi] COSH) +2([50j on (1 " 0) (14)

81//81//81111”7 singl—Sm9 49
00 on cosh7 —cos @

The free energy can be calculated in two different ways: (1) through an equation
using information of the potential with respect to the volume control and surface
integrals and (2) using an expression for integration of the force as a function of the
distance between the colloid and the plane surface. For a plane-surface case, the first
method may lead to a poor accuracy [25], so the second method was select as the most

efficient way to find the potential of mean force:

W (kyh) _ (

x,T

ﬁf (15)

Where W™ is the electrostatic contribution from the PBE equation to the interaction
potential of mean force between the protein and the adsorbent for a given distance (k,/

). This potential of mean force takes into account temperature, charge densities of
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protein and adsorbend (related with pH), salt concentration (related with PB equation)
and salt type (related with dispersion interaction between ions and protein and ions and

adsorbent surface).

The total potential of mean force between the protein and adsorbent is given by

three contributions:
W=w" s+t wh (16)

where W"is the hard-sphere contribution: (1) W" =0 for h<0 and (2) W" =0 for

h>0. W™ is related to the non-Coloumbic potential between the protein and the

surface of the adsorbent, known as the Hamaker dispersion. The method for calculating

W is resumed as follows [13,27]:

WHam —
_H
6\ 7+, forh<r,+r, 17)

_£[2J3
9 (A forh>r, +r,

where 7, corresponds to the protein hydration-layer thickness, 1.5 A [13]. The

parameter H represents the Hamaker constants, which are different for each pair of

colloid-adsorbent. For the interaction between mAbs and YMC BioPro SP, the Hamaker
constant is established as 24T [6]. It is assumed H = S5k, T for the interaction with

Fractogel EMD SE HiCap as a frequent value for protein interaction in aqueous solution
[24].

2.2 Charge density calculation
Equations including direct information of the potential at the surfaces are used to
find the resolution of the free energy, but for IEC it is more effective to represent the

model as a function of the charge density [21] since the information of the surface

amino acid groups can be found by simple experimental titrations.

137



The surface charge density was writing as suggested by Ehrl et al. [28] and also
applied by Guélat et al. [5] to determinate the charge of amino e histidine density

groups:
+ Fp.,
o, = £ (18)
1+ (Kai+ /CHJr )+ canionj/ : KSiCl
where F is the Faraday constant (96,485 C mol™), i denote the amino or histidine
groups, O; represent the density of ionizable surface groups i (mol m?), Ka, is the
effective dissociation constant of the acid grupos i (mol L), y is the activity
coefficient of the chosen salt, Ks,., is the effective association constant of the groups i
(L mol™) and ¢, is the concentration of salt anion (mol L™).
Moreover, a similar equation describes the density of carboxyl and sulfonate
groups:
—Fp.
o = £ (19)
1+ (CH+ /K(lj, )+ Ccationy .KSjNa

where j denote the carboxyl or sulfonate groups, £, represent the density of ionizable

surface groups j (mol m?), Kaj, is the effective dissociation constant of the basic grupos

j(molL™), Ks na18 the effective association constant of the groups j (L mol™) and ¢

is the concentration of salt cation (mol L™). The values of the effective dissociation and
association constant is found elsewhere [5].

c . refers to the concentration of ions H' at the region between the IEC surface

interface and the solution. We applied the charge regulation calculation for high pH
(above pH 5.0) to correlate the ion surface concentration. For lower pH, deviations
appears when compared with experimental data probably by the surface model
simplicity, which works with a general DLVO approach. Here we used instead the bulk
concentration as an approximation for the H~ concentration at the interface surface at
the region where the charge regulation is insufficient to give the potential prediction

(pH <5.0).

3. PROTEIN AND STATIONARY SURFACE DATA
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The study of the adsorption phenomenon of monoclonal antibodies (mAbs)
reported by Guélat et al. [5] and Guélat et al. [6] (change the reference) showed that a
linearized PB equation is suitable to describe the behavior of the Henry constant,
defined as a function of pH and ionic strength in IEC for different stationary phases:
Fractogel EMD SE HiCap (binding group -(CH,),SO3") and YMC BioPro SP (10 um)
(binding group -(CH;);SO5") for interaction with mAbl; and YMC BioPro SP (5 pum)
for Bevacizumab and Trastuzumab adsorption. However, in both studies, it was
necessary to re-estimate the ionizable amino acid surface groups to obtain an agreement
with the experimental data.

The data analyzed here comes from those papers. The density of amino, histidine
and carboxylic component groups are calculated by the ratio between the number of
ionic groups (obtained by the references after the proper counting of amino acid
sequence available at Protein Data Bank and DrugBank online database) and the protein
surface area.

The hydrodynamic radius of mAbl was defined as 5 nm [5], and the same value
was specified for Trastuzumab [7,29]. For Bevacizumab, the radius of 6.3 nm was
measured by Wen et al. [30] using dynamic light scattering and applied here for the

calculation the density of groups. The main parameters used are resumed in Table 1.

Table 1. Parameters considered on the model. Other parameters, as the effective
association constants or acid-base dissociation constants of each component, can be
found at the cited references. (rever o valor! Estao no arquivo em FORTRAN. PS:

temos 3 fases estacionarias.)

The density of groups (mol m™) Reference
Protein Amino Histidine Carboxyl
mAbl 6.872- 107 1.374- 107 6.237- 107 [5]
Bevacizumab 5.844- 1077 8.938- 10°® 4.194- 107 B3]
Trastuzumab 8.034- 1077 1.480- 107 6.343- 1077

Stationary phase

Sulfonate groups

Fractogel EMD SE
HiCap

YMC BioPro SP

5.64-10°

1.90-10°¢

[3]
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4. RESULTS AND DISCUSSION

Before the model analysis, we need to first acknowledge the charge at the surfaces
and assure that we are observing an ion-exchange process at the range of pH studied.
Fig. 2 was obtained using the method described by Ehlr et al. [28] for the computation
of the surface charge density via the activity of the salt [32], solution pH and

information about effective association constants and acid-base dissociation constants:

G RS D mAbl and Trastuzumab:
Ui e = e e e i :
— Bevacizumab—" e T
‘g 0004 et LT HLE
T Wi YMC (5 um) R
~— - p
© 006+ . i SRS
> e A i A R
— P
z -0.12- \ YMC (10 um)
5}
3 =018 Surfaces
oy
< -0.24 -
6 Fractogel
-0.30
I I I I I I
0 1 2 3 4 5 6 7

Figure 2. Surface charge density of proteins and stationary phase throughout the pH for
a NaCl concentration of 0.3 mol L™': (-) represents the behavior of Fractogel EMD SE
HiCap; (—--) is for YMC BioPro SP (5 um) and (- —-) is for YMC BioPro SP (10 um);
(= - +) is the Bevacizumab charge density and the profile of mAb1 ( — ) and Trastuzumab

(=) overlap almost over all the pH range. Only after the mAb1 pl (approximately 6.3),

the Trastuzumab shows a slight increase on the charge density.
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As noted, on the range of 4.4 to 7.0, all the proteins have a prevailing positive
charge and the stationary phase surfaces have a constant negative charge, making the
adsorption process purely electrostatic. Thus, since at the pl the colloid has a null net
charge, it is expected that the addition of salt disturb the adsorption in a negative way.

We can see more clearly this result after solving the potential of mean force with
respect to the pH at a fixed NaCl concentration (0.3 mol L") for mAb1. In Fig. 3, for pH
close to the pl (approximately 6.3), the protein shows a repulsive behavior; whereas, for
the lower pH region the protein exhibits positive characteristics, leading to the IEC

adsorption.

NaCl
Ligand pKa = 1.68

o
3
4 -
-5~ _
! =4

Figure 3 Effect of pH on the potential of mean force from the PBE for different
dimensionless distances between the surfaces of plane-sphere system. NaCl
concentration is equal to 0.3 mol L' (Fractogel EMD SE HiCap).

In addition to this study, Stankovich and Carnie [25] suggested that the force

integration range relies between 0.1 and 2 k,h, however, as showed in Fig. 4, the bulk

condition is achieved after 7 k,h and a loss of information occurs at any integration

before this point.
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As mentioned earlier, k,h represent the dimensionless separation distance

between a spherical surface, representing the colloid, and the stationary phase, defined
as a plane surface. For a short distance, the potential of mean force will display a
significant attraction and a repulsive behavior for points after the isoelectric point. As
the sphere is separated from the plane surface, the intensity of the potential of mean
force is reduced as shown in Fig. 3. The region where pH is lower than 1.68 represents
the region where the ionic groups, from the plane surface, become more positive (Fig.

2) affecting the IEC, even with no apparent modification on the protein charge.

0
i
e T T
0 7 8 9
Figure 4. Potential of mean force from the PBE over the distance between the

protein surface and the plane with a salt concentration of 0.3 mol L' NaCl (Fractogel

EMD SE HiCap).

In order to acknowledge the Hofmeister effect, we solved the PBE potential of
mean force for four different kinds of salts: NaBr and Nal to analysis the influence of

the anion; and KCI and SrCl, for the cations. As we can see, NaCl keeps the major

contribution in  W"” and its aftereffects are discussed along with the Henry constant

results.
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Figure S. Comparison between the dimensionless potential of mean of three

different type of (A) anions and (B) cations. The sphere-plate distante is fixed at xh =1,
for the analysis purpose with ionic strength equal to 0.3 mol L' (Fractogel EMD SE
HiCap).
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Finally, Fig. 6 shows the Henry constant solved using Eq. 3 integrated with the
total potential of mean force given by Eq. 16, for bispherical coordinates, considering

the ion-colloid dispersion and van der Waals force, compared to experimental data.
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Figure 6. Henry constant behavior for protein adsorption process: mAbl on (A)
Fractogel EMD SE HiCap and (B) YMC BioPro SP; Bevacizumab (C) and
Trastuzumab (D) on YMC BioPro SP as a function of salt concentration and pH. The
filled curves are related to the theoretical results without parameter estimation and the

circles are experimental data from [5,20].
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As we can see, the model was able to predict with a good agreement the
adsorption behavior for two different adsorbent on ion-exchange chromatography.
Fractogel EMD SE and YMC BioPro SP are both considered strong anion-exchangers,
even though Fractogel had almost three times more ionic groups on the surface (Tab. 1).
For pH equal to 4.4, where the system is strongly electrostatic, the curve decays
gradually with the salt concentration, while at pH 7.0 the effect is substantial.

The selection of the Hamaker constant was consistent with the set of assumptions
made in this work, thus for a better agreement with experimental data, this parameter
could be re-estimated for each protein taking into consideration the entire set of pH
curves.

In addition, the type of salt also alters the adsorption performance (Fig. 7) as
noted before by the variation in the PBE free energy contribution (Fig. 5), where the
anion has a bigger influence on the value of the Henry constant. The Hofmeister series
is followed for both cation and anion in study, with the higher Henry constant
corresponding to the system containing NaCl. The co-ion effect tends to be minor in
contrast with the counterion behavior, as is resumed by the KCl and NaCl profiles.
However, the impact of Sr*" calculated shows a considerable reduction in the Henry
constant in Fig. 7 and a singular profile in Fig. 5b. The difference of valence (2:1) leads
to a rapid decay of the adsorption due the sites competition, and also by the different

ionic polarizability between the analyzed ions.
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Figure 7. Theoretical effect of the influence of three different types of (A) anion

and (B) cation types on Henry's constant for mAb adsorption.

The results presented in this work demonstrate that no parameter adjustment is
necessary after the inclusion of van der Waals force and ion specificity and a more
realistic geometry structure to have a good description of experimental Henry constants,
reassuring the importance of those effects on the description of systems with the

adsorption of proteins.
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5. CONCLUSIONS AND PERSPECTIVE

This work applied the Poisson-Boltzmann equation in bispherical coordinates with
the inclusion of ionic dispersion parameters and Hamaker force for IEC study. The
results show a very good prediction with the monoclonal antibodies adsorption behavior
as a function of pH and ionic strength for two different stationary phases, without any
fitted parameters, then the model presented here is fully predictive. In addition, a
sensibility study was performed where we observed that the effects of ions on the
system follows with the Hofmeister anionic series for different values of pH. The
prediction of the electrostatic response represents an important step in colloidal science,
making possible to improve the simulation of complex systems that present Coulombic
forces as, for example, the multimodal chromatography. This work can be extended
with the inclusion of ion size effects and of electrostatic correlations, which can be

relevant for systems containing concentrated electrolyte solutions.
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SYMBOLS

Bg Ion-sphere dispersion constant

Bp Ion-plate dispersion constant

c Concentration of the colloid
s Bulk concentration of the colloid
D Half center-to-center distance between sphere-plate.

Elementary charge of the electron
Nondimensional force

Ionic strength

> ~ = o

Distance protein surface and the stationary phase surface
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Represents the Hamaker constants

Dimensional Henry constant

The Boltzmann constant

Inverse Debye length

Number of ions i per cm” in the bulk

Surface excess concentration

Characteristic charge of the ion

Distance between the ion and the center of the two spheres
Distance between the ion and the center of the colloid
Distance between the ion and the planar surface

Ion radius

Protein hydration-layer thickness

Hydraulic protein diameter

Absolute temperature (298.15 K)

Free energy of the system
van der Waals interaction ion-protein

Potential of the mean force of sphere-plate interaction
Contribution of the electrostatic free energy

Hard-sphere contribution of free energy

W™ Non-Coloumbic potential

X Charged region between the surfaces

X Cartesian coordinate associated with the bispherical variables
Z Cartesian coordinate associated with the bispherical variables
z, Ions valence

Greek symbols

& Vacuum permittivity

Ex Dielectric constant of the medium
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(717,60 )Independent variables of the bispherical coordinate system
o, Colloid charge density

o, Stationary phase charge density
1/ Electrostatic potential

/4 Dimensionless electrostatic potential (e¢/ k,T )
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